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Abstract. A linear connection V : X(M) X F(E) — ► T(E) on a vector bundle E over 
a smooth manifold M is tantamount to a splitting TE — > V © H^, where V is the 
set of vectors tangent to the fibres of E. Furthermore, the curvature of the connection 
measures the failure of the horizontal space i?v to be involutive. In this paper, we 
show that splittings TE ®T*E ^ (V © V°) © L of the Pontryagin bundle over the 
vector bundle E can be described in the same manner via a certain class of maps A : 
T(TM © E*) X T(_E © T*M) -> T(E © T*M). Similarly to the tangent case, we find that, 
after the choice of a splitting, the Courant algebroid structure of TE © T* E — > E can be 
completely described by properties of the map A. 

The maps A in this correspondence theorem are particular examples of connection-like 
maps that we define in this paper and name Dorfman connections. Roughly said, these 
objects are to Courant algebroids what connections are to Lie algebroids. 

In a second part of this paper, we study splittings of TA © T* A over a Lie algebroid 
A, and we show how £A-Dirac structures on A are in bijection with a class of Manin 
triples over the base manifold M. This has as special cases the correspondences between 
Lie bialgcbroids and Poisson algebroids, and between IM-2-forms and presymplectic al- 
gebroids. 
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1. Introduction 

Let us start with a simple observation. Take a sub-bundle F C TM of the tangent space 
of a smooth manifold M. Then the M-bilincar map 

V : T(F) x 3C(M) -> T(TM/F), 

v f x = [Kx] 

measures the failure of vector fields on M to preserve F. The sub-bundle -F is involutive if 
and only if V//' = for all /, /' S r(i r ), and in this case, V induces a flat connection 

V : T(F) x T(TM/F) -> T(TM/F), 

V f X=[f^}, 
the Bott connection associated to F [2|. 

In the same manner, given a Courant algebroid E — > M with bracket [■,•], anchor p and 
pairing (•,•), and a subbundle K C E, one can define an R-bilinear map 

A : T(A') x r(E) — > T(E/K), 

A k e = f£ejf. 

Again, we have A^fc' = for all fc, fc' € T(K) if and only if AT is a subalgebroid of E. If K 
is in addition isotropic, it is a Lie algebroid over M and the pairing on E induces a pairing 
K x M (E/K) -> K. The R-bilinear map 

A : T(K) x T(E/K) -)• T(E/A), 
A fe e=p^J 

that is induced by A is not a connection because it is not C°° (M)-homogeneous in the 
first argument, but the obstruction to this is, as we will see, measured by the pairing, the 
anchor of the Courant algebroid and the de Rham derivative on C°°(M). This map is an 
example of what is called in this paper a Dorfman connection, namely the Bott Dorfman 
connection associated to K . In this paper, Dorfman connections are defined, and some 
of their properties and applications are studied. Dorfman connections appear naturally 
in several situations related to Courant algcbroids and play a role similar to the one that 
connections play for tangent bundles and Lie algebroids. 

It is for instance well-known that a linear TM-connection V on a vector bundle qs'- E — > 
M corresponds to a splitting TE ^> T qE E © H\j. The failure of the horizontal space -ffv 
to be involutive is measured by the curvature of the connection, and the connection itself is, 
roughly said, nothing else than the Lie bracket of horizontal and vertical vector fields, since 
it can be seen as a projection of the Bott connection 

V Hv : T(H V ) x Y{TE/H V ) -> T{TE/H V ). 

in a sense that we will explain. 

The first main result of this paper is the one-to-one correspondence in the same spirit 
between splittings of the standard Courant algebroid over E as 

TE © T*E ^> (T qE E © (T qE E)°) © L A 
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and TM © A*-Dorfman connections A on E@T*M. The failure of L to be isotropic (and so 
Lagrangian) relative to the canonical pairing on TE®T*E is equivalent to the failure of the 
dual of the Dorfman connection (in the sense of connections) to be antisymmetric, and the 
failure of L to be closed under the Courant algebroid bracket is measured by the curvature 
of the Dorfman connection. The Dorfman connection is the same as the Courant-Dorfman 
bracket on horizontal and vertical sections. 

We caracterize then double vector subbundles of TE © T*A over E and a sub-bundle 
U C TM © E*. Such double vector bundles can be described by triples U, A" and A, where 
A is a Dorfman connection and K a sub-bundle of E © T*M. For instance, we study Dirac 
structures on E that define double vector subbundles of the Pontryagin bundle. We prove 
that maximal isotropy and integrability of the Dirac structure depend only on (simple) 
properties of the corresponding triple. 

If the vector bundle E =: A has a Lie algebroid structure (q^ ■ A — > M, p, [• , ■]), then the 
Pontryagin bundle TA®T*A has a naturally induced Lie algebroid structure over TM© A*. 
Given a TM © A*-Dorfman connection A on A © T*M, we compute the representation up 
to homotopy that corresponds to the splitting TA © T*A ^> (T qA A © (T qA A)*) © L A and 
describes the VB-algebroid TA®T*A -> TM®A* [10]. This representation up to homotopy 
is in general not the product of the two representations up to homotopy describing TA — > TM 
and T*A -4 A*. 

Knowing this, one can ask when a Dirac structure on A, that is a double sub-vector 
bundle of TA © T*A, is at the same time a Lie subalgebroid of TA © T*A -> TM © A* 
over its base U C TM © A* . In that case, the Dirac structure has the induced structure 
of a double Lie algebroid, and is called an £.4-Dirac structure on A. A known example 
of an £.4-Dirac structure on a Lie algebroid A is the graph of 7r* : T* A — > TA, where tta 
is the linear Poisson bivector field defined on A by a Lie algebroid structure on A* such 
that (A, A*) is a Lie bialgebroid [25] . In that case, we know that the £^4-Dirac structure is 
completely encoded in the Lie bialgebroid, which is itself equivalent to a Courant algebroid 
with two transverse Dirac structures [20] . 

The second standard example is that of the graph of a linear presymplectic form a*u3 can £ 
fl 2 (A), where a : A -> T*M is an IM-2-form [6] E]. Here also, the £A-Dirac structure is 
equivalent to the IM-2-form, and any £„4-Dirac structure that is the graph of a presymplectic 
form on A arises in this manner. 

The final, most easy, example is Fa © F^, where Fa — > A is an involutive sub-bundle 
that has at the same time a Lie algebroid structure over some subbundlc Fm Q TM. Here 
we know that the £.A-Dirac structure corresponds to an infinitesimal ideal system, i.e. a 
triple (C, Fm, V), where C C A is a subalgebroid, Fm C TM and involutive subbundle and 
V : T(Fm) xT(A/C) — > T(A/C) a flat connection satisfying some properties that allow ones 
to make sense of a quotient Lie algebroid (A/C)/V — > M/Fm [16] - 

The second main result of this paper is a classification of £.A-Dirac structures on Lie 
algebroids via a certain class of Manin pairs [7] on the base space of the Lie algebroid. This 
result unifies the three correspondences summarized above. 

Outline of the paper. Some background on Courant algebroids and Dirac structures, con- 
nections, and double vector bundles is collected in the first section. In the second section, 
Dorfman sections and dull algebroids are defined, and examples are listed. In the third 
section, splittings of the standard Courant algebroid TE © T*E over a vector bundle E are 
shown to be equivalent to a certain class of TM © i?*-Dorfman connections on E © T*M. 
Linear Dirac structures on the vector bundle E —> M arc studied via Dorfman connections. 
In the fourth section, the geometric structures on the two sides of the standard £A-Courant 
algebroid TA © T* A over a Lie algebroid A -t M are expressed via splittings of TA © T*A, 
and £.A-Dirac structures on A are classified via Dorfman connections and some adequate 
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vector bundles over the units M. Finally, it is shown that this data is equivalent to a Manin 
pair over M, that is in a sense compatible with the Lie algebroid A. 

Notation and conventions. Let M be a smooth manifold. We will denote by X(M) and 
fi 1 (M) the spaces of (local) smooth sections of the tangent and the cotangent bundle, re- 
spectively. For an arbitrary vector bundle E — > M, the space of (local) sections of E will be 
written V(E). We write p M ■ TM -4 M, c M ■ T*M -4 M and tt m : TM T*M —> M for 
the canonical projections, and ■ E —> M for vector bundle maps. 

The flow of a vector field X G X(M) will be written (f> x , unless specified otherwise. 
Let / : M —> N be a smooth map between two smooth manifolds M and N. Then two 
vector fields X £ X{M) and Y G X(N) are said to be /-related if Tf o X = Y o f on 
Dom(X) n /" 1 (Dom(y)). We write then X ~/ Y . 

Given a section £ of E* , we will always write £^ : E — > R for the linear function associated 
to it, i.e. the function defined by e m i— > (£(m), e m ) for all e m € E. Given a section e G r(i£), 
we write £ X(E) for the derivation along e, i.e. the vector field with complete flow 
R x E — > E, (t,e' m ) h-> ej n + te{m). Note that the vector fields e^, for all e € T(i?), span 
the subbundle V := T qE E C TE 1 and e 1 " is completely determined by e t (^) = e) 
and e t (q^^) = for all ip e C°°(M) and C G r(S*). Note furthermore that e^(/ m ) 
depends only on e(m) and / m , so the expression (e(m)y(f m ) makes sense. In the same 
manner, given a vector bundle morphism <f> £ r(Hom(£'; E)), we can define 0^ G X(E), 
^(e m ) = (0(e m )) t (e m ) for all e m G S. 

Acknowledgement. The author wishes to thank Thiago Drummond and Cristian Ortiz for 
many discussions that considerably influenced some parts of this paper, which grew out 
of a project with them. Many thanks also go out to David Li-Bland, Rajan Mehta and 
Marco Zambon for interesting discussions and remarks, and especially to Kirill Mackenzie 
for interesting discussions, advice and encouragements. 

2. Background definitions 

We recall first some necessary background notions on Courant algebroids, of the double 
vector bundle structures on the tangent and cotangent spaces TE and T*E of a vector bundle 
E, and on connections. 

2.1. Courant algebroids and Dirac structures. A Courant algebroid [20[ |2"T] over a 
manifold M is a vector bundle E — > M equipped with a fibrcwisc nondegenerate symmetric 
bilinear form (•,■), a bilinear bracket [• , ■] on the smooth sections T(E), and a vector bundle 
map p : E — > TM over the identity called the anchor, which satisfy the following conditions 

(1) [ei, [e 2 ,e 3 ]] = [[ei,e 2 ],e 3 ] + [e 2 , [ei,e 3 ]], 

(2) p(e 1 )(e 2 ,e 3 ) = ([ei,e 2 ],e 3 ) + (e 2 , [ei,e 3 ]), 

(3) [ei,e 2 ] + [e 2 ,ei] = V(e 1 ,e 2 ) 

for all ei, e 2 , e 3 G T(E) and ip G C°°(M). Here, we use the notation V := p* o d : C°°(M) -> 
T(E), using (• , •) to identify E with E*: 

(XV, e) = jo(e)(y) 

for all Lp G C°°(M) and e G T(E). The following conditions 

(4) p([ei,e 2 ]) = [p(ei),p(e 2 )], 

(5) [ei,<^e 2 ] = v?[ei,e 2 ] + (p(ei)v?)e 2 

are then also satisfied. They are often part of the definition in the literature, but it was 
already observed in [28] that they follow from (1) — (3)0 

1 Actually, they both follow immediately from (2). To get (4) replace e2 by tpe2 in (2), and to get (5), 
replace ei by [ei,ei]: an easy computation yields then that p[e\,e'- i \(e2,e3) = [p(ei), p(e' 1 )] (ei, es) for all 
e 2 ,e 3 S T(E). 



DORFMAN CONNECTIONS AND COURANT ALGEBROIDS 



n 



Example 2.1. The direct sum TM © T*M endowed with the projection on TM as anchor 
map, p = pr TM , the symmetric bracket (• , ■) given by 

(2.1) ((v m ,a m ),(w m ,(3 m )) = a m (w m ) + (i m {v m ) 

for all m € M, v m ,w m E T m M and a m ,f3 m E T^M and the Courant-Dorfman bracket 

given by 

(2.2) [(X,a),(Y,P)] = ([X,Y],£ x 0-i Y da) 
(2-3) 

for all (X, a), (Y, /?) E T(TM © T*M), yield the standard example of a Courant algebroid 
(often called the standard Courant algebroid over M). The map T> : C°°(M) — > T(TM © 
T*M) is given by P/=(0,d/). 

A Dirac structure D C E is a subbundle satisfying 

(1) = D relative to the pairing on E, 

(2) [r(D),r(D)]cr(D). 

The rank of the Dirac bundle D is then half the rank of E, and the triple 
(D — > M, p\o, [■ , -]|r(D)xr(D)) is a Lie algebroid on M. Dirac structures appear naturally 
in several contexts in geometry and geometric mechanics (see for instance [3] for an intro- 
duction to the geometry and applications of Dirac structures) . 

2.2. The double vector bundles TE and T*E. Consider a vector bundle qE ■ E — > M. 
Then the tangent space TE of E has two vector bundle structures. First, the usual vector 
bundle structure of the tangent space, pe ■ TE —> E and second the vector bundle structure 
TqE ■ TE — > TAI, with the addition defined as follows. If x Cm and x e i are such that 
TqE(x Cm ) = TqE(x e > m ) =: x m G TM, then there exist curves c, c' : (— e,e) — > E such that 



6(0) 



.,c'(0) 



,j and qE o c = qE o c 
d 

We get a double vector bundle 



The sum 



'IE 



is then defined as 



it) 



'IE 



c'(t) e T Em+e , m E. 



t=o 




that is, the structure maps of each vector bundle structure are vector bundle morphisms 
relative to the other structure 1221. 



Dualizing TE over E, we get the double vector bundle 




The map r\E is given as follows. For a em , rE(«e m ) S E^, 



(rE(0!e m ),fm) = ( a e m , ^ 



t=0 



tfm) 



for all f m E E m . The addition in T*E — > E* is defined as follows. If a Bm and j3 e i are such 



that rE{a em ) = rE(fie' ) = Cm G then the sum a en 



e m +e 



_E is given by 



0< 



+T„ 



,) = ( a e m i x e m ) + (fie 
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Note that T* m E is generated by d £m £{ and &e m {q* E y) for £ £ T(E*) and <p £ C°°(M). 
We have rg(d em ^) = £(m) and rE(d em (q E (p)) = F . The sum d 6m ^ + rE d e ' 1$ equals 

2.3. Basic facts about connections. In this paper, connections will not be defined on Lie 
algebroids, but more generally on dull algebroids. Wc make the following definition. 

Definition 2.2. A dull algebroid is a vector bundle Q — > M endowed with an anchor, i.e. 
a vector bundle morphism pq : Q — > TM over the identity on M and a bracket [■ , -]q on 
T(Q) with 

(2-4) PQ[l,q'}Q = [pQ(q),PQ(<l')} 

for all q, q' £ r(Q), and satisfying the Leibniz identity 

[<Piqi,<P2Q2]Q = </5i<M<7i,<72]q + (piPQ(qi)(ip 2 )q2 - </?2PQ(<72)(</3l)<7l 
for all <pi,tp2 G C°°(M), gi, gj, € T(Q). 

In other words, a dull algebroid is a Lie algebroid if its bracket is in addition skew- 
symmetric and satisfies the Jacobi-identity. 

Let (Q — > M, pq, [•, -]q) be a dull algebroid and B — > M a vector bundle. A Q-connection 
on B is a map 

V:r(Q)xr(B)^r(B), 

with the usual properties. By the properties of a dull algebroid, one can still make sense of 
the curvature i?v of the connection, which is an element of T(Q* (g> Q* ® B* <g> B). 
The dual connection V* : Y(Q) x T(B*) -> r(B*) is defined by 

{V^b)=p Q (q)(£,b)-{^V q b) 

for all q £ T(Q), 6 £ and £ £ T(B*). 

2.3.1. The Bott connection associated to a subbundle F C TM . Recall the definition of the 
Bott connection associated to an involutive subbundle of TM: Let F C TM be a subbundle, 
then the Lie bracket on vector fields on M induces a map 

V F : T(F) x T(TM) -> T(TM/F), 

defined by 

v£y = [x^V]. 

The subbundle _F is involutive if and only if 

V^X' = for all X, X' £ T{F). 
In that case, the map V F quotients to a flat connection 

V F : T(F) x T(TM/F) -» T(TM/F), 

the Bott connection. 

2.3.2. TTie fraszc connections associated to a connection on a quasi Lie algebroid. Consider 
here a dull algebroid (Q,pq, [■ , ■]) together with a connection V : X(M) x r(Q) — > T(Q). 

Then there are Q-connections on Q and TM, called the basic connections and defined 
as follows [8JEQ. 

ybas = ybas,Q . p(g) x p(Q) ^ p(Q^ 

and 

ybas = ybas.TM . p(Q) x £( M ) ^ 3t(M), 

V^ s X = [p Q (q),X]+p Q (Vxg). 
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The basic curvature is the map 

R^ as : r(Q) x T(Q) x X(M) -4 r(Q), 
i?^ as ( g ,q')(^) = -Vxfeg 7 ] + [VxS,g'] + [«, Vx?'] + V V bas X g - V v w x g'. 

q y 

The basic curvature is tensorial and we have the identities 



V O p Q 



bas.Q 



PQoR\ 



and i?T 



PQ 



R 



2.3.3. Connections on a vector bundle E, splittings ofTE and the Lie bracket on X(E). We 
recall here the relation between a connection on a vector bundle E and the Lie bracket of 
vector fields on E. 

Let q E ■ E — > M be a vector bundle and V : X(M) x T(E) — > T(E) a connection. Then 
for each e m £ E and v m £ TM, we can define the vector 



TmCVni 

at 



c m + tV l 

t=0 

. We have 



eeT e E 



for any section e 6 such that e(m) = 

VmW = v m{£,e) - (£(w),V„ m e) = l v ^{e m ) 

and 

for all E C°°(M) and £ E The set of all vectors in TE defined in this manner is a 

subbundle H\j of p E '■ TE — > E that is in direct sum with the vertical space V := T qE E = 
{v em E TE | T em q E v em = 0}: 

TE = U © H-y — > E. 

For each section X E X(M), the vector field X E r(7?v) C is defined by X(e m ) = 

X(m),e m . For all functions <p E C°°(M) and sections £ E r(£'*), we have 
(2.5) X(e s )=l v * xS , X(q EV )=q E (X(<p)), = q%(t, e), = 0. 

Conversely, consider a splitting TE = V ® H oi TE ^ E. Then, since H = TE/V is 
isomorphic to the pullback q E TM — >• £?, we find for each vector field X E a unique 

section X oi H such that X X. Using this uniqueness, one can show easily that the 
pair (X, X) defines a vector bundle morphism 



E 



'IE 



M 



x 



TE 
TM 



and that we have the equality 

ip-X = q* E ip ■ X 

for all Lp E C°°(M) and X E X(M). Using this and £ v< = q* E tp ■ i t for all ip £ C°°(M) and 
£ E T(E*), one can then define a connection V H : X(M) x T(E) r(.E) by setting 

for all X E 2C(M), £ £ T(E*). 

This shows the correspondence of the two definitions of a connection; the first as the map 

V : X(M) x T(E) -4 r(£), 

the second as a splitting 

TE = V © H -4 £. 
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Given V or Hy, it is easy to see using the equalities in (|2.5|) that 

X,Y\ = \X^Y\-Rv{X,Yf, 
X,e^ = (V x e) T , 

for all X,Y £ X(M) and e, f £ T(E). That is, the Lie bracket of vector fields on E can be 
described using the connection. The connection itself can also be seen as a suitable quotient 
of the Bott connection V Hv : 

V| v ? = (Vxe)t 

for all e £ T(E) and X £ X(M), i.e. the Bott connection associated to Hy restricts well to 
linear (horizontal) and vertical sections. 

Remark 2.3. To any derivation D : T(E) — > T(E) over a vector field X £ X(M), we can 
associate a vector field D £ X(E) as follows: 

for all if £ C°°(M), and 

D&) = e D . 6 

for all £ £ T(E*). Here, D* : T(E*) -> T(E*) is the dual of the derivation D, i.e. 

(lT(£),e)=X{S,e}-(Z,D{e)) 

for all e G r(£) and £ 6 r(JS*). 

We will use this notation in the paper. Given a connection V : X(M) x r(£') — > r(I?), 
the vector field X defined as above is just Vx ■ 

3. DORFMAN CONNECTIONS: DEFINITION AND EXAMPLES 

Definition 3.1. Let (Q — > M,pq, [■ , -]q) be a dull algebroid. Let B — > M be a vector bundle 
with a fiberwise pairing (■,•}: Q Xm B K and a map : C°°(M) — > T(B) such that 

(3-6) {q,d B <p) = pQ(q)(<p) 

for all q £ T(Q) and ip £ C°°(M). Then (B, d^, (• , ■)) will be called a pre-dual of Q and Q 
and B are said to be paired by (-,•). 

Remark 3.2. Note that if the pairing is nondcgenerate, then (B — > M,ds, (•?•)) is the 
dual of (Q -4 M, p Q , [■ , -} Q ) and d Q . : C°°(M) -> T(Q*) is de/med by (JSU). We have then 
d Q *tp = p* Q dip, i.e. (d Q *tp,q) = p Q {q)(ip) for all q £ T(Q) and tp £ C°°(M). 

The main definition of this paper is the following. 

Definition 3.3. Let (Q -> M, pq, [• , -]q) &e a dull algebroid and (B — > M,ds, (•>•)) a 
pre-dual of Q. 

(1) ^4 Dorfman (Q-) connection on B is an M.-bilinear map 

A : r(Q) x T{B) -> r(B) 

suc/i £/ia£ 

(a) A vg 6 = (^A 9 fe + (<?, 6) • d B ^, 

(b) A q (tpb) = ipA q b + p Q (q)(tp)b, 

(c) = {[q,q'] Q ,b) + (q>,A q b) 
for all ip £ C°°(M), q,q' £ T(Q), b £ T(B). 
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(2) The curvature of A is the map 

R A :T(Q) x r(Q) -^T(B*®B), 
defined on q,q' G T(Q) by R A (q,q') := A q A q > - A q ,A q - A [q ^] Q . 

The failure of a Dorfman connection to be a connection is hence measured by the map d b 
and the pairing of Q with B. Before we go on with examples, we have to check that Ra(q, q') 
is an element of T(B* <gi B) for all q, q' G L(Q). But this is a straightforward computation, 
and we omit the proof of the following proposition. 

Proposition 3.4. Let {Q — > M, pq, [■ , -]q) be a dull algebroid and (B, ds, (■,•)) a pre-dual 
of Q. Let A be a Dorfman Q-connection on B. Then: 

(1) For all tp G C°°(M) and q,q' G T(Q), b G T(B), we have 

RA(q,q')((p ■b) = (p- R A (q,q'). 

(2) For all <?i, (72,93 G L(Q) and b G L(£?), we have 

(i? A (<7l,<72)(fr),<73) = ([[qi,q2]Q,Q3]Q + [?2, [91,?3]q]q - [<7l, [92,<?3]q]q,&)- 

In particular, if Q is a Lie algebroid, the Dorfman connection is always flat in this 
sense. 

Remark 3.5. Note that this doesn't mean that the curvature of a Dorfman connection 
vanishes everywhere if Q is a Lie algebroid, since the pairing of Q and B can be degenerate. 
We will see a trivial example for this phenomenon in Example 13. Gl 

Example 3.6. Let (Q — > M,pq, [■ , -]q) be a dull algebroid and B — > M a vector bundle. 
Take the pairing (• , •) : Q x M B ->• K and the map d B : C°°{M) -)■ T(B) to be trivial. Then 
any Q-connection on B is also a Dorfman connection. 

Example 3.7. The easiest non-trivial example of a Dorfman connection is the map 

£ :L(Q) xL(Q*) -+T(Q*), 

=PQ(q){q,£)-(Z, foq'h), 
for a dull algebroid (Q — > M, Pq,[- , -]q) and its dual (Q*,dQ*), i.e. with the canonical 
pairing Q x M Q* -4 M and d Q . = p* Q d : C7°°(A/) — ^ L(Q*). 

The third property of a Dorfman connection is immediate by definition of £ and the first 
two properties are easily verified. The curvature vanishes if and only if (Q, pq,[- ,-]q) is a 
Lie algebroid. 



Let (E — > M, p : E —> TM, (•,•},[•,•]) be a Courant algebroid. If K is a subalgcbroid of 
E, the (in general singular) distribution S := p{K) C TM is algebraically involutive and we 
can define the "singular" Bott connection 

V g ■ T(S) - X{M) ) * (M) 

v A{b)x t(s) ^ r(s) 

by 

V*X = [s,X] 

for all X G X(M) and s G L(5). 

The anchor p : E -> TM induces a map p : T(E/K) -> 3£(M)/r(5), p(e) = p(e) + L(5). 

Proposition 3.8. Let E — > M &e a Courant algebroid and K C E an isotropic subalgcbroid. 
Then the map 

A : T(K) x T(E/K) — ^ L(E/i^) 
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is a Dorfman connection. The dull algebroid structure on K is its induced Lie algebroid 
structure, the map d^/^ is just T> + T(K) and the pairing (• , •) : K Km (E/if) — >• R is the 
natural pairing induced by the pairing on E. 
We have 

p(A k e) = V s p{k) p{e) 

for all k £ T{K) and e £ T(E/K). 

Remark 3.9. (1) Because of the analogy of the Dorfman connection in the last propo- 
sition with the Bott connection defined by involutive subbundles of TM, we name 
this Dorfman connection the Bott-Dorfman connection associated to K. 
(2) Note that if if is a Dirac structure D in E, then E/D ~ D* and the Dorfman 
connection is just the Lie algebroid derivative of D on T(D*). 

3.1. Example: reduction of Courant algebroids. Let E — > M be a Courant algebroid 
and K C E an isotropic subalgcbroid. Choose k,k' £ F(K) and e £ r(if- L ). Then the 
equality 

([k,e],k') = -(e, [k,k'])+p(k){e,k') =0 
shows that [k,e] £ F(K ). Thus, the Dorfman connection in Proposition 13.81 restricts to a 
flat connection 

V : T(K) x T(K^/K) -> T(K^/K). 

Assume that p(K) C TM is simple, i.e. it has constant rank, is hence Frobcnius intcgrablc 
and its space of leaves is a smooth manifold such that the canonical projection is a smooth 
surjective submersion. The V-parallcl sections of K 1 - /K are the sections that project to the 
quotient (K^/K)/^/ -> M/p(K) and the properties of V: 

(1) V is flat 

(2) p intertwines V with the Bott connection S7 p ( K \ 

can be used to show as in |29j that, under necessary regularity conditions, the quotient has 
the structure of a Courant algebroid over M/p(K). (The V-parallcl sections of K /K are 
exactly the sections that are called basic in [29].) 

Example 3.10. Consider the standard Courant algebroid TM ®T*M — > M over a smooth 
manifold M and an involutive subbundlc F C TM. The Dorfman connection associated to 
F © {0} C TM © T*M is given by 

AxW^Wi = (£xY, £ x /3) 
for all X £ T(F) and (Y,(3) £ X(M) x 51 1 (M). Hence, from the preceding example, we 
recover the fact that the sections of TM®T*M that project to the reduced Courant algebroid 
T(M/F)®T*(M/F) — » (M/F) arc the sections (Y,/3) of TM®F° that are invariant under 
F, i.e. such that £ X (Y, /3) £ T(F © {0}) for all X £ T(F) (e.g. [T7]). 

Note that (TM © F°)/(F © 0) ~ (TM/F) © F° and (TM/F)* ~ F°. The connection 

V : T(F) x T(TM/F © F°) T(TM/F © F°) 
is, modulo these identifications, just the product of the Bott connection V F and its dual 
\7 F * : T(F) x T((TM/F)*) -> T((TM/F)*). 

3.2. Generalized complex structures and Dorfman connections. Let V be a vector 
space. Consider a linear endomorphism J' of V © such that J 2 = — Idy and J is 
orthogonal with respect to the inner product 

(X + e, y + r?)y = + r/(X), VX, Y £ V, £ V*. 

Such a linear map is called a linear generalized complex structure by Hitchin |13| . The 
complexified vector space (V © V*) © C decomposes as the direct sum 

(FffiF*)®C = £+©£_ 
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of the eigenbundlcs of J corresponding to the eigenvalues ±i respectively, i.e., 
E± = {(X + £)TiJ0L + O |X + £eVfflV*}. 

Both eigenspaecs arc maximal isotropic with respect to (• , ■) and they are complex conjugate 
to each other. 

The linear generalized complex structures are in 1-1 correspondence with the splittings 
(V ffi V*) ® C = E + ffi E_ with E± maximal isotropic and E_ = E^. 

Now, let M be a manifold and J a bundle endomorphism of TM © T*M such that 
J 2 = — Id.TM@TM: an d J is orthogonal with respect to (• , -)m- Then J is a generalized 
almost complex structure. In the associated eigenbundle decomposition 

T C M®T£M = E+®E_, 

if T(E + ) is closed under the (complexified) Courant bracket, then E+ is a (complex) Dirac 
structure on M and one says that J is a generalized complex structure [131 112] . In this 
case, E- must also be a Dirac structure since £L = E + . Indeed (E+, E-) is a complex Lie 
bialgcbroid in the sense of Mackenzie- Xu [23] . in which E + and E- are complex conjugate 
to each other. 

Since £L = E+ and £L n E+ = {0}, we have a vector bundle isomorphism 

T C M © TZM 



E- 



E 4 



that is given bj0 

The Dorfman connection 
is then simply given by 

In the same manner, 
is given by 



d->i(d-u7(d)). 



A E ~ : T(E-) x T(E + ) -> r(£ 4 



Afld + = i([d_,d + ]-iJ[d_,d + ]) 



A B+ : r(£+) x r(£L) -> r(£_) 



A£d- = ^([d+,d_] + iJ'[d + ,d_]) 



1 

2 

for all d_ e r(E_) and d + e T(E + ). 

It would be interesting to study in more detail the properties of these two (flat!) Dorfman 
connections, maybe in the spirit of the results in [19] , 

4. Splittings of TE © T*E 

Consider a vector bundle qE ■ E — > M. In this section, the vector bundle TM © E* will 
always be anchored by the projection pr TM : TM © E* -» TM and the dual £ © T*M will 
always be paired with TM ffi E 1 * by the canonical pairing. The map <1e®t*m ■ C°°(M) — > 
T(E ffi T*M) will consequently always be given by 

<1e®T*M = P r TM °d, 

i.e. 

dfieT-M^ = (0,d<p) 

for all iy9 S C°°(M). A Dorfman connection A will here always be a TM ffi E*-Dorfman 
connection on E®T*M, with dual [■ , -Ja- Note that since the pairing is nondegenerate, the 



2 To avoid confusions, we write in this subsection d for the class of d G F(TcM ffi T£M) in (TcM ffi 
T£M)/£_. 
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Dorfman connection is completely determined by its dual structure, the associated bracket 
|- , -]a and vice-versa. Hence, we can say here that a Dorfman connection is equivalent to 
a dull algcbroid (TM © £'*,pr TM , [■ , -]a). It is easy to see, using Proposition 13. 4[ that the 
curvature R A will always vanish on (TM © E*) ® (TM © E*) © (0 © T*M). 

Recall from ^2.3.31 that an ordinary connection 

V : X(M) x T(E) T(E) 

corresponds to a splitting 

TE = T qE E © i/y -> E. 
We show in this section that a Dorfman connection 

A : T(TM © E*) x T(E © T*M) — » T(E © T*M) 
is the same as a splitting 

TE®T*E = (V®V°)®L A 
where, as before, V := T qE E. The subbundlc L A is an almost Dirac structure on E if and 
only if the bracket [• , -]a dual to the Dorfman connection is skew-symmetric and the failure 
of T(L A ) to be closed under the Dorfman bracket is measured by the curvature R A . 

In the following, for any section (/, 6) of E © T*M, the section (/, fff of V © V° is the 
pair defined by 



e m + tf(m), (T em q E )*0(m) 

t=o 

for all e m 6 E. Note that the pairs (/,0) r (e m ) for all (f,0) E T(E © T*M), span by 
construction the fiber (V © V°)(e m ). 

4.1. The standard almost Dorfman connection associated to an usual connection 

on E. We start in this subsection with a simple, motivating example. 

Definition 4.1. Let E —> M be a vector bundle with a connection V : X(M) xT(E) — >• T(E). 
Then the standard Dorfman connection associated to V is the map 

A : T(TM © E*) x T(E © T*M) T(E © T*M), 

& (x4) (e,9) = {V x e,£x6 + (V?t,e)). 
The dual bracket is in this case defined by 

l(X, 0, (Y, rj)j A = ([X, Y},V* X V - V*yt) 
for all (X,£),(Y,r)) G T(TM ® E*). 

Proposition 4.2. Let E — > M be a vector bundle endowed with a connection V. 

(1) The curvature of the standard Dorfman connection A associated to V is given by 

R A ((X, 0, (y, rj)) = {Rv{X, Y),R V , (;X)(r,) - R v , (•, 

(2) (TM © E* , pr TMl [• , -]a) is a Lie algebroid if and only if V is fiat. 

Proof. The first claim is proved by a straightforward computation. The second statement 
follows then, using Proposition and the fact that the pairing is here nondegenerate. □ 

Proposition 4.3. Let E — > M be a vector bundle endowed with a connection V. and let A 
be the standard Dorfman connection associated to V. For any section (X, £) € T(TM ®E*), 

set {XX) e X{E) x ^(E), 

(XX)(e m ) = (T m eX(m),d e J ( ) - (A (X)C) (e, 0)) t (e m ) 

^ e m + iVxe,(Te m gB)*(V*£,e)J . 
dt t=o / 



(T m eX(m),d em 4)- 
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The subbundle La spanned by these sections is equal to © H^. Hence, the standard 
Dorfman connection associated to a connection V is the same as a splitting 

TE © T*E = (V ® V°) © (H v © i?v)i 

the sum of a Dirac structure and an almost Dirac structure. 

Proof. We just have to check that the space spanned by the sections (X, £) is equal to 
H v © H§- But since A (x ,o)(e,0) = (Vxe,0) and A( 0)? )(e,0) = (0, (V?£,e)), the subbundle 

that we are considering is spanned by the sections (-^,0) = (^,0) and (0,£) = (0,£), i.e. 
it is the direct sum of a subbundle of TE and a subbundle of T*E. The tangent part is 
obviously equal to i?v and the cotangent part is easily seen to be H^. □ 

4.2. Almost Dorfman connection associated to a splitting TE®T*E = (V®V°)®L. 
Consider now a splitting 

TE © T*E ~ (V © V°) © L -> E, 
where, as before, V := T qE E. Recall that the vector bundle morphism 
<$>£■■= (qE*, r E ) : TE © T*E s- TM © E* 



E s- M 

QE 

is a fibration of vector bundles over the projection q E : E — ► M. 
That is, 

TE © T*E qE ^ E > q E {TM © E*) 



E ^E 

is a surjective vector bundle morphism over the identity on E. Since V © V° is the kernel of 
$>e, the diagram above factors as 

L ~ (TE © T*E)/(V © V°) — — »- fe(TAf © £*) 



E *E 

and we find that for any section (X, £) of TM © E* , there exists a unique section (X, £) of 
T such that 

Note that by the uniqueness of the section (X, £) of T over we have tp ■ (X,£) = 

q* E V-{X^) for allvGC~(M). 

We start by proving the following observation. 

Lemma 4.4. CWse (F,r?) G T(TAf © T*) T/ien 

e m ^ ((X^)(e m ),(T m er(m),d em £ r ,)) -r(m)(e,e), 
where e e T(T) is suc/i i/iai e(m) = e m , defines a linear map on E . 
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Proof. Choose first e, / € T(E). Then we have 

$ B ((Xjf)(e(rn)) +„ B (£o(/(m))) = (X,£)(m) 

and 

$ B (Sj(eH+/H)) = (X,0(m). 

Since (X, £)(e(m)) +$ E (X,£)(/(m)) and (X , £)(e(m) + /(m)) are both elements of L Bm+ f m , 
we find by definition of (X, £) that 

K)(e(m)) + $E KS(/(m)) - (£0(e(m) + /(m)). 

By definition of the addition in the $£-fibers, we find also 

(T m eY{m),d e J v ) +$ E (T m fY(m),d fm i v ) = (T m (e + f)Y(m), d em+fm £ v ) 

if e, / € r(i?) are such that e(m) = e m and /(to) = / m . Again by definition of the addition 
in the <£>£-fibers, we get hence 

(Sf)(eH + /(to)), (T m (e + f)Y(m), d em+fm £ v )) 
= ((x7[)(e(m)),(T m eY(m),d em e v )) + ((X^)(f(m)),(T m fY(m),d fm £ v )). 
In particular, we find 

{{XX)(r • e(m)), (T m (r ■ e)F(m), d^Q) = r ■ ((X^j(e(ro)), {T m eY{m),de m Q) 

for all r £ N. The same equality follows then for r £ Q and by continuity for all rel. 
Choose tp £ C°°(M) and set (p(m) = a. Then 

((xT)(ae m ), (T m (ip ■ e)Y(m),d aem e n )) - Y(m)(Z, V ■ e> 
= (K)(ae m ), (T m (ae)r(m) + y(m)(^) e t (ae„ i ), d ae „A)) - Y(m)(t, <fi ■ e) 
={{JcX)(ae m ), {T m {ae)Y(m), d aem l v )) - aY(m){C, -e) 
=a- (((x70(e m ),(T m eY(m),d em e v )) - Y(m)(£,-e)). 
Thus, we have shown that the function 

e m i ^ ((A 7 re)(e m ),(r m er(TO),d em £ t ,)) -F(m)(e,e) 
is well-defined, i.e. doesn't depend on the choice of the section e, and linear. □ 

Thus, we can consider the map 

[• , -} L ■ V{TM © E*) x T{TM © E*) -> T(TM © £"*) 

defined by 

(l(X, £), (y, i7)Ix, (em, 0)) = <K)(e m ), (T m ey(m), d e J n )) - Y(m){t, e), 
for any section e G such that e(m) = e TO , and 

pr TM [(X,0,(y,r/)]L = [X,y]. 
Theorem 4.5. Lei E — > M fee a vector bundle and consider a splitting 

TE © T*£ = (V © y°) © L -> £\ 
TTie triple (TM © i?*,pr TA/ , [■ , -]l), where [■ , -]l is defined as above, is a dull algebroid. 
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Proof. We compute for e G T(E), setting a := ip(m): 

=a({JCX)(e m ), (T m eY(m), d e J v )) - aY(m)(£, e) + X(cp)( V , e) 
=H(X, £), (Y, r,)\i + X(<p)(Y, ti), (e, 0)}(m), 

(l V -(X,OAY,v)h,(e,0)) = ((q% ( p^))(e m ),{T m eY{m),d em £ v )) 

- Y(m)(<p)(£, e)(m) - y>(m)y(m)(£, e) 
=(ifl(X, 0, (y, »?)]£ - y(^)(X, 0, (e, 0))(m). 

Since 

{{(X, 0, V ■ (y f/JJi, (0, 0)) = 0, (Y, ??)Jl + X(^)(y, 77), (0, 0)) 

and 

• (x, £), (y r/)] L , (o, e)) = o, (y - y(y)(^, 0. (o, *)) 

hold by construction for all 9 G J7 1 (M), we have shown the two Leibniz equalities. Compat- 
ibility of pr TM with [• , -]l is given by construction. □ 

Corollary 4.6. Let E — > M be a vector bundle and consider a splitting 

TE © T*E S (V © V°) © L -> £7. 

Define the map 

A L : T(TM © E*) x r(£? © T*M) -> r(£7 © T*M), 
(Af x4) (e, 0), (y 77)) = X((e, 0), (y r/)) - ([[(X, 0, (y (e, 0)) 
T/ien A L is a Dorfman connection. 

Remark 4.7. Note that, by definition, we have Af x?) (O,0) = (0, £ x 0) for all X G X(A/) 
and G S1(M). To see this, choose Y G X(M) and compute 

(Af Xi0 (o, 0), (y o)) = x<#, y) - (0, [x, y]). 

Proo/ o/ Corollary \4. 6] By construction A L is dual to the dull bracket [■ , -J L on T(TM © 
E*). □ 

We end this subsection with a proposition relating directly the Dorfman connection A L 
with the subbundle LCTE® T*E. 

Proposition 4.8. Let E — > M be a vector bundle and consider a splitting 

TE © T*E = (V © V°) © L -> £7. 
Choose (X,£) G r(TM ©£?*). XTien </ie corresponding section of L is given by 

(XX)(e m ) = (T m eX(m),d em l ( ) - Af X)C) (e,0) t (e ro ) 
/or aZ/ e m G £7 and e G r(£7) smc/i i/iai e(m) = e m . 

Proof. Since £)(e m ) = (X,£)(m) = $ B (T m eX(m), d 6rri ^) for e m G £7, there exists a 

pair (/, (9) G T(E © T*M) such that 

C£?)(e m ) = (T m eX(m), d e ,„^) + (/, 6)\e m ). 
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We compute for (Y, 77) e T(TM © E*): 

((f,B),(Y,v)Km) = ((f,6)^(e m ),(T m eY(m),d em £ v )) 

= ((XX)(e m ) - (T m eX(m),d em ^),(T m ey(m),d em ^)) 

= (l(X, 0, (Y, (e m , 0)) + Y(m)(£, e) - X(m)( V , e) - Y(m)(£, e) 

= (l(X, £), (y (e m , 0)) - X(m)(r7, e) 

= -(Af XiO (e,0),(y j r ? ))(m). 

□ 

4.3. The converse construction. Let £-4Mbea vector bundle and consider a Dorfman 
connection 

A : T(TM © £*) x T(E © T*M) -> T(E © T*M). 
We define the subset 

L A CTE(B T*E 

by 

L A (e m ) = {(T m eX(m),d^(e m )) - A ( ^ ?) (e,0) t (e m )| (Jf.O e r(TM©£ 4 )} 
for any section e G r(£') such that e(m) = e m . 

For any pair e r(TA/©£*), we will write {XX} e T E (TE®T*E) = X(E)xn\E) 

for the section defined by 

KT)(e m ) = (r m eX(m),d^(e m )) - A (JCiC) (e, 0) t (e m ) 

for all e ln £ E. Note that $ B o (X, £) = (X, f) o 

Proposition 4.9. L A is a well-defined subbundle of TE @T* E -t E swc/i i/iat (Vffil/ ) © 
L A TE®T*E. 

Proof. We show that the fiber over e m doesn't depend on the choice of the section e £ F(E) 
such that e(m) = e m . Note first that for any pair (/, 6) £ T(E © T*M), we have 

((T m eX(m),d4(e m ))- A (X)?) (e ) 0)^(e m ),(/,^(e m )) = (0(m),X(m)) + (f(m),/(m)}. 

This pairing doesn't depend on e. 

Choose then any connection V on L and a pair (Y, 77) £ T(TM (BE*). Consider the pair 



{Yv,Vv)(e, n ) := I T rn eY{m) - — 



e m + tV y(m )e, d£r,(e m ) - (T em q E )* (S7*n, e) I 
=0 / 



dt 
Then 

((T m eX(m), d^(e m )) - A (x>0 (e, 0)^™), (Y v , r? v )(e m )) 
= X(m){r),e) - (V^ (m) r?,e) - (r?(m), pr^ A ( x,g)(e,0)) 

+ Y(m)(£,e) - (pr T » M A (X)?) (e,0),y(m)) + (f(m), V y(m) e) 

= X(m)fo,e) - (V x(m) v,e(m)) - ((Y, r/)(m), A (x ^(e, 0)> + (V^ (m) £, e(m)) 

= ([(X, 0, (Y, 7?)] A , (e(m), 0)) - <V^ Cm) i?, e(m)> + <V^ (ra) £, e(m)>. 

Again, this does only depend on the value e m of e at m. 

Since pairs (Yv, r?v) an d (/, span the whole of TL © T*E and the pairing is nonde- 
generate, we have shown that La is well-defined. The second claim is immediate, using the 

fact that $ B o (XX) = (X,£) for all (XX) G r(TM © £*) and that V © F° is spanned by 
the sections (e, 6») t for (e, (9) £ T(L © T*M). □ 

The results in the last two subsections are summarized in the following theorem. 
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Theorem 4.10. Let qE : E — > M be a Lie algebroid. The maps 

A i y L A , 
A L <—\ L 

define a bijection 

{(TM © E*) -Dor fman connections 1 J Splittings 
A onE® T*M J H { TE © T*E = (V ® V°) © 1/ J ' 

Since a (TM © £*)-Dorfman connection A on E © T*M is the same as a dull algebroid 
structure (pv TM , [• , -]a) on TM (BE*, we can reformulate this bijection as follows: 

J Dull algebroids 1 J Splittings 1 

\ (TM©£*,pr TM , [-,•]) } h ( te@t*e= {v®v°)@l }■ 

4.4. The canonical pairing and the Courant-Dorfman bracket on TE © T*E. We 
show in this section that the failure of a splitting L of TE ®T*E to be Lagrangian is 
equivalent to the failure of [• , -]l to be skew-symmetric, and the failure of its set of sections 
to be closed under the Courant-Dorfman bracket is measured by the curvature of A. 

Here and later, we will need the following notation. Let E — > M be a vector bundle and 
consider a Dorfman connection A : T(TM © E*) x T(E © T*M) -> T(E © T*M). We call 
Skew A £ r((TM © E*) ® (TM © L*) ® £**) the tensor defined by 

SkewA^i,^) = pr_E-(Iwi> w 2]A + [«2,«i1a) 

for all vi,v 2 e r(TM © L*). By the Leibniz identity, this is indeed C°° (M)4inear in both 
arguments. Note that the TM-part of [i>i,V2]a + [^2,^1] A always vanishes since the Lie 
bracket of vector fields is skew-symmetric. 

Theorem 4.11. Let A : T{TM®E*) xT(E®T*M) —} T(E®T*M) be a Dorfman connection 
and choose v,v 1 ,v 2 £ T(TM © E*) anda,a 1 ,a 2 € r(E©T*M). T/ierc 

(1) («1,«2> = 4kew A («i,t)2)> 

(2) (5, ^) =^( V ,a), 

(3) (4,4) =0. 

Proof. Since the second and third equalities are immediate, we prove only the first one. We 
write v\ = (X,£), v 2 = (Y,rf) and compute for any section e <E T(E): 

((T m eX(m), d£ s (e m )) - A (x>€) (e, 0) t (e m ), (T m eY(m), dl v {e m )) - A (y , I() (e, 0) t (e m )) 
= X(m){r],e} - (pr T , M A ( y in) (e, 0),X(m)) - (r](m), pr E A {x ^(e, 0)) 

+ y(m)(£,e) - (pr T » M A (x>o (e,0),F(m)) - (£(m),pr B A (y>J)) (e, 0)) 
= (X(r/, e) - (A ( y )I7) (e, 0), (X, 0) + F(£, e) - (A (JC>C) (e, 0), (Y, t?))) (m) 
= <(e,0),|[«2,«i]A + |[«l,«2]A>- 

□ 

Corollary 4.12. TTie bracket [■ , -]a associated to a Dorfman connection A is skew-symmetric, 
if and only if La *s Lagrangian. The corresponding splitting 

TLffiT*L~ (YffiY°)ffiL A 
is then the direct sum of the Dirac structure V © V and the almost Dirac structure La . 



Proof. Since the rank of La is equal to the dimension of E as a manifold, we have only to 
show that La is isotropic if and only if [• , -]a is skew-symmetric. But this is immediate by 
the preceding theorem. □ 
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Next, we will see how the Dorfman connection encodes the Courant-Dorfman bracket on 
linear and core sections. The next theorem shows how integrability of La is related to the 
curvature Ra of the Dorfman connection. 

Theorem 4.13. Choose v,v 1 ,v 2 in T(TM © E*) and cr,<r l> a 2 GT(E ®T*M). Then 



t t 

01,02 



o. 



(A v af, 



(1) 

(2) 

(3) [v u V 2 ] = [«l,«2lA--RA(«l,«2)(-,0)t. 

The proof of this theorem is quite long and technical, it can be found in Appendix [C] 

Remark 4.14. (1) If the Courant-Dorfman bracket is twisted by a linear closed 3- form 
H over a map H : TM A TM -> E* 0], then the bracket [vi, v 2 ] will be linear over 
[wi,«2]h = I^iiUa] + (Q:H(Xi,X 2 ))- Note that the Dorfman connection dual to 
this bracket is A^a = A v a + (0, (H(X, •), e)). A more careful study of general exact 
Courant algebroids [27] over vector bundles and the corresponding twistings of the 
Dorfman connections and dull algebroids corresponding to splittings of TE © T*E 
will be done later. 

(2) The Courant bracket, i.e. the anti-symmetric counterpart of the Courant-Dorfman 
bracket, is given by 

(a) [4,4] c = 0, 

(b) [v,aT] c =[v^-{0,y* E d(v,a)) = (A v a-(0,±d{v,a)))\ 

(c) [vi,v 2 ] c = [wi,v 2 ]a - i?A(wi,v 2 )(-,0) t - (0, id£ skoWA(t;ii „ 2) ). 

Our choice of working with non anti-symmetric Courant algebroids is because of 
the fact that Dorfman connections describe naturally the Courant-Dorfman bracket: 
recall Remark 14.71 and Proposition 14.81 Here, we see from (b) that working with a 
"Courant connection" starting from a splitting like as we did would yield much more 
complicated formulas and axioms for the connection. This is also why we chose to 
call the Dorfman connections after I. Dorfman. 

The following corollary of Theorem 14. 131 is immediate. 

Corollary 4.15. Let E —> M be a vector bundle and consider a splitting TE © T*E = 
(V®V°)®L. Then the horizontal space L is a Dirac structure if and only if the corresponding 
dull algebroid (TM © i?*,pr TM , [• , is a Lie algebroid. 

We will study more general (non-horizontal) Dirac structures on E in the next section. 
Before that, we end this subsection with some examples. 

Example 4.16. Recall that an ordinary connection on a vector bundle E — > M is a splitting 
TE = V © H\j . We have seen in Section 14.11 that the Dorfman connection 

A : T(TM © E*) x T(E © T*M) -> T(E © T*M), 
A (x ^(e,6) = (V x e, £ x + (V*^e)) 
corresponds to the splitting 

TE © T*E = (V © V°) © (H v © H v )°. 

Example 4.17. Consider a dull algebroid [A, p, [•,•]) with skew- symmetric bracket. We 
construct a TM © A-connection A on A* © T*M, hence corresponding to a splitting TA* © 
T*A* = (V © V°) © La of the Pontryagin bundle of A*. Take any connection V : X(M) x 
T(A) -> T(A) and recall the definition of the basic connection V bas :T(A) x T(A) ->■ T(A) 
associated to V and the dull algebroid structure on A: 



V h a as b = [a, b] + V 



P (b)t 
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for all a, b € The Dorfman connection 

A : T(TM © A) x T(A* © T*M) -> T(A* © T*M) 

is defined by 

A (A -,a)(C 6) = ((£, V bas a) + - (V.a, 0, « + (V.o, f» . 

The bracket [• , -]a on sections of TM © A is then given by 

l(X, a), (Y, b)j A = ([X, F], V A -fe - Vya + V p(b) a - V p(a) 6 + [a, 6]) . 

Since it is skew-symmetric, the horizontal space La is in this case Lagrangian. The projection 
pr TM intertwines obviously this bracket with the Lie bracket of vector fields. The curvature 
of this Dorfman connection is given by 

(R A ((X, a), (Y, &))(£, 9), (Z, c)> = - ([(X, a), [(Y, 6), (Z, c)] a ]a + c.p, (£, 0)) 

(4.7) = - ((iZ v (*, 10c - i?v(p(a), K)c) + c.p., 

- ({Rv(p(a), P (b))c - R V (X, p(b))c) + c.p., 

- ({R^ s (a, b)Z - R^(a, b)p(c)) + c.p., £) 

-([a, [6,c]] + [6, [c,a]] + [c, [a, &]],£)• 

The proof of this formula is a rather long, but straightforward computation that is ommitted 
here. 

We will see in the next subsection the signification of this example in terms of the linear 
almost Poisson structure defined on A* by the skew-symmetric dull algebroid structure. 

Example 4.18. Consider a vector bundle E — > M endowed with a vector bundle morphism 
a : E — !> T*M over the identity and a connection V : X(M) x T(E) — > T(E). Define the 
Dorfman connection 

A : T(TM © E*) x T(E © T*M) T(E © T*M) 

by 

A ( x ? ) (e, 9) = (V x e, £ x (9 - a(e)) + <V>*X + £), e) + a{V x e)). 

The bracket [• , •] a on sections of TM © E* is here given by 

[(X, 0, (V, »?)] A = ([X Y], Vi(r? + CT *y) - V^(£ + <r*X) - a* [X, Y}). 

In this case also, La is Lagrangian. 

Here also, we give the curvature of the Dorfman connection in terms of the Jacobiator of 
the associated bracket: 

(4.8) {(X, 0, {{Y, rf), (Z, 7 )JaJa + c.p. = (o, i? v * (X, Y)( 7 + o* Z) + c.p.) . 

We will see in the next section how this Dorfman connection is related to the 2-form cr*u; can € 
£l 2 (E), where uj can is the canonical symplectic form on T*M. 

4.5. Dirac structures and Dorfman connections. In this subsection, we will consider 
sub- double vector bundles 

D ^ U of TE © T*E TM © E* 

E M E ^ M 

The intersection of such a sub- double vector bundle D with the vertical space V ®V° always 
has constant rank on E and there is a subbundle K C E © T*M such that D C\{V ®V°) is 
spanned over E by the sections k^ for all k 6 T(LT). To see that, use for instance [22]. We 
will call LT the core of D. The following proposition follows from this observation. 
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Proposition 4.19. Let E be a vector bundle endowed with a sub-double vector bundle D C 
TE ®T* E over U C TM © E* and with core K C E ®T*M . Then there exists a Dorfman 
connection A such that D is spanned by the sections k' , for all k £ T(K) and u for all 
u £ T(U). 

The Dorfman connection A is then said to be adapted to D. Conversely, given a Dorfman 
connection and two subbundles U C TM © E* and K C E © T*M, we call Du,K,& the 
sub-double vector bundle that is spanned by eft , for all a £ T(K) and u for all u £ T(U). 

Definition 4.20. Two Dorfman connections A, A' are said to be (U, K) -equivalent if (A — 
A'){T{U) x r(£©0) C T(K). 

The following proposition shows that this defines an (U, K )-equivalence relation on the 
set of Dorfman connections. We will write [A]i7/c, or simply [A] since there will never be a 
risk of confusion, for the (U, JC)-class of the Dorfman connection A. The triple (U,K, [A]) 
will be called a VB-triple in the following. By the next proposition, VB-triples are in one-one 
correspondence with sub-double vector bundles of TE © T*E — > E. 

Proposition 4.21. Choose two Dorfman connections A, A' and assume that A is adapted 
to D. Then A' is adapted to D if and only if A. and A' are (U, K)- equivalent. 

Proof. Assume that A is adapted to D. Then D is spanned by the sections u A and eft for all 
a £ T(K) and u £ T(U). If A and A' are (U, if )-equivalent, we have u A — u A = ift for some 
k £ T(K). This implies immediately that A' is adapted to D. The converse implication can 
be proved in a similar manner. □ 

The following theorem follows immediately from the results in the preceding subsection. 

Theorem 4.22. Let D be a sub- double vector bundle of TE © T*E over U C TM © E* 
and K C E © T*M and choose a Dorfman connection A that is adapted to D. Then 

(1) D is isotropic if and only if SkewA \ u®u = and K C U° . 

(2) D is Lagrangian if and only if SkewA \ u®U = and K = U° . 

(3) T(D) is closed under the Courant- Dorfman bracket if and only if 

(a) A u k £ T(K) for all u £ T(U), k £ T(K), 

(b) [T(U),T(U)UCT(U), 

(c) R A (u®U®(E®T*M)^ CK. 

Proof. This is an immediate corollary of the results in the preceding subsection, using the 
fact that R A ((TM © E*) © (TM © E*) © (0 © T*M)) = 0. (To see this, use Proposition EU 
and the fact that the anchor is Wtm ■) ^ 

Corollary 4.23. Let D be a sub- double vector bundle of TE © T*E over U C TM © E* 
and K C E © T*M and choose a Dorfman connection A that is adapted to D . Then 

(1) D is an isotropic subalgebroid of TE © T* E E if and only if 

(a) UCK°, 

(b) A u k £ T(K) for all u £ T(U), k £ T(K), 

(c) (U,pr TM \u, [■ , -]a \r(U)xr(U)) « s a skew- symmetric dull algebroid. 

(d) the induced Dorfman connection 

A : T(U) x T((E@T*M)/K) T((E@T*M)/K) 

is flat. 

(2) D is a Dirac structure if and only if 

(a) U = K°, 

(b) A u k £ T(K) for all u £ T(U), k £ T(K), 

(c) (U,pr TM \u, I , -]A|r(c/)xr(c/)) is a Lie algebroid. 
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Note that in the second situation, the induced Dorfman connection A is just the Lie 
derivative 

£ = A : T(U) x T(U*) -> T(U*), 
which flatness is equivalent to the fact that the restriction of [■ , -Ja to T(U) satisfies the 
Jacobi-idcntity. 

Remark 4.24. (1) Note that K = U° and A u k G T(K) for all u G T(U), k G T(K) 
imply together that the dull bracket restricts to a bracket on T(U). 

(2) Using the following Proposition 14.251 and Remark 14.71 it can be checked directly 
that if the conditions in (2) of Corollary 14. 231 are satisfied for A, then they are also 
satisfied for any A' that is (U, -fQ-equivalent to A. 

(3) We will say that (U, K, [A]) is a Dirac triple if the corresponding sub-double vector 
bundle Dm K,[A]) is a Dirac structure on E. By the considerations above, we find that 
Dirac sub- double vector bundles of TE ®T*E —> E are in one-one correspondence 
with Dirac triples. 

Proposition 4.25. Let E — > M be a vector bundle and choose a VB-triple (U,K,\&\u,k) 
such that U = K° . Then for any two representatives A, A' G [A]t/ jf, we have 

for all u\,U2 G T(U). 

Proof. Since pr TAf [iti, u 2 ]a = [P r TM u i; P r TJ\/ "2] = Wtm\. u ^i u 2]a'> we need only to check 
that 

{\ui, u 2 ]a, (e, 0)} = ([ui,it 2 ]A', (e, 0)} 
for all e G T{E). But this is immediate by the hypothesis, the duality of A and [• , -]a and 
the definition of (£/, if)-equivalence. □ 

We conclude this section with a study of our recurrent examples. 

Example 4.26. In the situation of Example I4.16[ choose two subbundlcs Fm C TM and 
C CE. Set U := F M © C* and K := C © Ffo = U°. The sub-double vector bundle D UjKA 
corresponding to U, K and the standard Dorfman connection associated to V is then the 
direct sum of a subbundle Fe Q TM, with Ce Q T*E. Since U = K°, we get immediately 
that Ce = F E and D(jj K r A ]) is the trivial almost Dirac structure Fe ® F E . An application 
of Corollary 14.231 to this situation yields that Fe © F E is Dirac if and only if 

(1) Fm is involutive, 

(2) V.yc G r(C) for all X G T(F M ) and c G T(C) and 

(3) the induced connection V : T(F M ) x T{E/C) -)• T(E/C) is flat. 

Since Fe © F E is Dirac if and only if Fe C TE is involutive, we recover one of the results in 

M- 

Example 4.27. In the situation of Example 14. 171 consider U = graph : A -> TM) 
and K = graph(— p* : T*M — > ^4*) = {7°. A straightforward computation shows that 
A(p(a),a)(-P*M,^) = (-^(V^c^V^) e r(X) for all a G and w G O x (M). 

Furthermore, we have 

[(p(o),o) > (p(6) > 6)1a = (p([o,6]),[o,6]) 
for all a, 6 G which shows that (U, p^tm > [" 1 "1 a) is a Lie algebroid if and only if A is 

a Lie algebroid. We have: 

A W a),«)(£0) = (<£, V b -a) + V; (a) e - P* (V.a, 0, (V.a, £>) 

= ((e, v b - a ) + v; (a) e, 0) = pxo). 
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Finally, the right-hand side of (|4.7j) vanishes for (p(a),a),(p(b),b),(p(c),c) G r([/) and 
arbitrary (£, 9) if and only if A is a Lie algebroid. 

Hence, we find that the sub-double vector bundle D of TA* © j 1 *^* associated to U, K 
and A is an almost Dirac structure on A* and a Dirac structure if and only if A is a Lie 
algebroid. The vector bundle D — > A* is in fact the graph of the vector bundle morphism 

ir A : T*A* — » TA* 

associated to the linear amost Poisson structure defined on A* by the skew-symmetric dull 
algebroid structure on A. Indeed, D is spanned by the sections k^ for k 6 r(AT) and u for 
u G r([/), or, equivalently, by the sections 

i-p*e\ q * A ,e) 

for 6> G n x (M) and 

(p(a),a) 

for a G L(A), where 



P(a)(Cm) = r m ^(p(a)(m)) 



£ m + i • £ a £,{rn) 



But by Appendix El these are exactly the sections {ir A (q* A ,9),q* A »9) and (Tr A (dl a ), dl a ). 

Example 4.28. Consider, in the situation of Example 14.181 U =: graph(— a* : TM E*) 
and K = graph(a :E^T*M). Then U = K° by definition and since 

A(x,-o-*x)(e,0-(e)) = (Vxe, <r(Vxe)) 

by definition, we find that A u k G r(i4T) for all u G and k G r(i^). Furthermore, 

we have \(X, —a*X), (Y, —a*Y)}& = ([X, Y], -a* [X, Y}) for all X,Y G X(M) and U is a 
Lie algebroid (isomorphic to TM with the Lie bracket of vector fields). Alternatively, the 
Jacobiator in (|4.8[) is easily seen to vanish on this type of sections. This shows that the 
double vector subbundlc D C TE ®T*E defined by U, K and A is a Dirac structure. 

By the considerations in Appendix [B] D is the graph of the vector bundle morphism 
TE -> T*E defined by the closed 2-form a*u: can . 

Example 4.29. We now combine Examples 14.261 and 14 . 2 81 to recover an example in [T5] . 

We consider the vector bundle T*M — > M endowed with a TM-connection V and the 
Dorfman connection 

A : T(TM © TM) x T(T*M © T*M) -> T(T*M © T*M), 

A (XiY )(0,u) = {V x e, £x(u -9) + (V?(X + Y),u) + W x 9). 

Consider a subbundlc F C TM and {/ := {(x, -x) | x G F} C TA/ © TM. The annihilator 
A' = [7° is then given by K = {(a, j3) G T* © T*M a - /3 G F°}. 

Note that by Example 14. 181 the dull bracket on TM ®TM is skew-symmetric. In fact, it 
is easy to see that its restriction to U is just the Lie bracket of vector fields 

[(X, -X), (Y, -Y)j A = ([X, Y], -[A, Y}) 

for all X, Y G T(F). Hence, we know already that the sub-double vector bundle -D(;/,if,[A]) 
is an almost Dirac structure on T*M. An easy computation using Appendix 151 yields that 

D(u,K,[A]){a) = {(x Q ,^ an (x Q ) +9 a ) | x a G F(a),9 a G F°(a)} 

for all a G T*M, where T = (Tcm)~ 1 (F). Assume that M is the configuration space of a 
nonholonomic mechanical system and F the constraints distribution. If L is the Lagrangian 
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of the system, then the pullback of the Dirac structure that we find to the contraints sub- 
manifold ¥L(F) C T*M is one of the frameworks proposed in [18] for the study of the 
nonholonomic system. 

5. DORFMAN CONNECTIONS AND LlE ALGEBROIDS 

We consider in this section a Lie algebroid (A — !> M, p, [■,•]) and a Dorfman connection 

A : T(TM ®A*)xT(A® T*M) -> T(A © T*M) 

with corresponding dull bracket J- , -]a and anchor pr TA/ on TM © A*. 
We will work here with the map 

fi : T(TM © A*) x T(A) T(A © T*M) 

n (x>o o = A (Xif) (o 1 0)-(0 l d(e j a». 
has the following properties 

(!) °v>(x,c)a = V^(Jf,0°3 

(2) Q (x , e) (H = ¥?O (Xi0 a + X(ip)(a, 0) - (£, a)(0, d<^) 

for all 95 G C°°(M), a G and (X,g) G T(TM © A*). 

For each a G r(^4), we have two derivations over p(a): 

£ a : T(A © T*M) -> T(A © T*M), 
£ a (b,6) = (M],£ p(a) #) 

and 

£ a : T(TM © A*) -> r(TM © A*) 
£ o (X,0 = ([p(a),X],£ o e)- 

Note that 

£ va (6, 0) = ^ a (6, 0) + (-p(6)(p)a, (0, p(a))d<p). 
Finally, note that there is a "Dorfman-like" bracket [■ ,-]d on sections of A © T*M: 
[(a,0), {b,u)] D = ([a,b], £ p{a) uj - i p ( b )d6>) 
for (a, 6), {b, u) 6 T(A © T*M). We have 

(5.9) [cti,<7 2 ]z3 + [o-2,cti]d = (0, d((Ti, (p, p*)o-2)j3 
and the Jacobi identity in Leibniz form 

(5.10) [a x , [0-2,0-3]] = [[0-1,0-2], 0-3] + [o- 2 , [0-1,0-3]] 

for all 0-1,0-2,0-3 G r(A©T*M). Note that (A © T*M, popr A , [■ , -] D , (• , is not a Courant 
algebroid because (• , -)d is in general degenerate. 

^We will write {-,-)d for this pairing of A © T* M with itself, i.e. (01, 02)0 = (<ri, (p, p*)o"2) for all 
0-1,0-2 e T(A © T*M). 
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5.1. The basic connections associated to A. 

Proposition 5.1. The two maps 

v ba S . r ^ x p( TM ^4*) _^ T(TM © A*) 

and 

V bas : r(A) x T(A © T*M) -> T(A © T*M) 
are connections in the usual sense. 



Proof. Recall the notation d^-V? : = P* d V for all p G C°°(M). We compute for p G C°°(M), 
a, 6 G £ G r(A*), 6» G O x (M) and X G 

= <p ■ V h ™(X,0 + {p,p*)(X(!p)a, -(S,a)d<p) + {-X(<p)p(a), <£,a)d» 

V h ™(b,6) = n {pip , ){bi9) (cpa) + £ va (b,9) 

= <p • V* as (&, 9) + (p(b)(p) • a, 0) - (9, p(a))(0, dp) - (p(b)(p)a, 0) + (9, p(a))(0, dip) 
= <p-V h ™(b,6), 

V* as (p(X, 0) = (p, p*)(fi v(X , s) a) + £ a (p(X, 0) = pV h ™(X, + p(a)M(X, 
V* as 9)) = n (PtP , )tpm a + £ a (p(b, 9)) = pV^b, 9) + p(a)(p)(b, 9). 

□ 

The following proposition is easily checked, and shows that the connections are in general 
not dual to each other. 

Proposition 5.2. We have 

(5.11) (V* as w, <t) + (v, V* a V> = p(a)(v, a) - (Skew A («, (p, p*)a),a) 
and 

(5.12) V bas (p,p*)a = (p,p*)V ba V 
for all a G T(A), v G r(TM © A*) and a G T(A © T*M). 

Definition 5.3. The connections in Provosition \5.1\ will be called the basic connections 

associated to A. We will sometimes also write V bas := V ba ^ a for a section a G T(A®T*M). 

Proposition 5.4. The map 

i4 as : T(A) x T(A) x r(TM © A*) T(A © T*M) 

given by 

R% a (a,b)(X,£) = -fl {Xti) [a,b] + £ a (n (XiC) ft) - £ b (fl M fl)+fi vrM a - r> V b as(Xj(i) &. 
is tensorial, i.e. a section of 

A* ® A* ®{A® T*M) © (A © T*M). 
Definition 5.5. TTie tensor R ] ^ s will be called the basic curvature associated to A. 
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Proof of Proposition [5^ We compute for v = (X, £) G r(TM © A*) and a, & G T(A): 
R&{ipa, b)v = - O (<p[a, b] - p(6)(<p)a) + £ va tt v b 

- £ b (cpD, v a + X(tp)a - (£, a}(0, dip)) + Sl V ba S „(</?a) - Q, vV h^ v b 
=pR A (a, b)v - X(<p)([a, b},0) + (£, [a, &])(0, dp) + p(6)(p)Oa 

+ X(p(6)(v>))(a,0) - (£,a)(0,d(p(6)(p))) 

- (G° ° Pi\4)(^)(v?)a, -(OA (a, 0))d<p) 

- p(6)(p)Oa - p(6)(X(p))(a, 0) - X(tp)([b, a], 0) 
+ p(&)(£, a)(0, dip) + (£, a)(0, £ Kb) d(^) 

+ ((p o pr A )(06) + [p(6),X])(p)(a, 0) - (0,6, (a, 0))(0, dp) 

- (£ b £,a)(0,dp) 
=ipR&{a, 6)w, 

i?A(a, &)(pv) =ipR&{a, b)v - p(a)(<p)Q v b + p(b)(<p)Q v a — p(b)(ip)Q v a + p(a)(p)0& 
=ipR&{a, b)v. 

□ 

Proposition 5.6. The basic curvature has the following properties: 

(1) R vb » s =R b A ™o(p,p*) l 

(2) i? v w = (p,p*)oiZ A as . 

Proo/. (1) For cr G r(A © T* M) and a, b G r(A), we have 
i? A (a, &)((p, p*)cr) = - VL( PtP * )a [a, b] + £ a (n {p ^, )a b) - £ b (n {p ^, )a a) 

= - Q(p, P *)<r[ a i b] - £[ a . b ]0- + £ a (0( (0iP ») o .6 + £ h o) - £ b (fl^^a + £ a o) 

+ ^V£ aa (p,p*)<r a - ^V£ as (p,p*)cr& 

Vt>as _ I v7bas\-7bas^. \-7bas\-7bas „ r? ( n U\ „ 
la,b] a + V a v b ^-V b V a o- = R V ba*{a, bja. 

(2) The second equality is shown in the same manner. 

□ 

5.2. The Lie algebroid structure on TA © T* A -> TAf © A*. Consider a Lie algebroid 
A and a Dorfman connection 

A : T(TM © A*) x r(^ © T*M) -» r(^ © T*M). 

Then, for any section a G we define 

s«er™ e ,.(Ti®rA) 

by 

£a(Vm,£m) = (T m aw m , d ttm ^) - Ap^) (a, 0)T(a m ) 

for any choice of section (X,£) G T(TM © A*) such that (X, £)(m) = (v m ,£ m )- That is, we 
have 

S a = (To, i?(d^ a )) - Cl.a 1 = a - 0.a f 
for all a G T(vl) (see the description of the Lie algebroid structure on T*A — > A* in Appendix 
E). 

Theorem 5.7. The Lie algebroid structure on TA © T* A — > TM © A* can be caracterized 
as follows, where we write : TA © T* A — > T(TM © A*) for its anchor: 

(1) [E ,E 6 ]=E [0i6] -i$"(a,&)t, 
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(2) [E , ( rt] = (VS a "er)t | 

(3) [al4}=0^ 

(4) 0(E O ) = VS M G X{TM ®A*), 

(5) e((rt) = ((p, p *) CT )t e x(TM 8 A*). 

Remark 5.8. In other words, (p, p*) : A® T* M -> T¥ © A*, the basic connections V bas 
and the basic curvature i?^ as define the representation up to homotopy describing the VB-Lic 
algebroid structure on TA®T*A — > TM ®A* in terms of the splitting given by A (see fit)]). 

Proof of Theorem \5.7\ The proof is this theorem is just checking of the formulas, using the 
description of the Lie algebroid structure on TA © T* A -» TM © A* that can be found in 
Appendix [D] 

We start with the Lie algebroid brackets. Choose a, b £ T(A) and a £ T(A © T*M). We 
have, using Proposition lD.il 

(1) 



a-fi.a t ,6-n.6 t 

= M] - (£ a n.by + (£ b n.a)^ + {n.bo ( P , P *) n.a - n.a o (p, p*) o n.b^ 

= £[ a ,6] ~ ^A(a, b)\ 
since we have, for all v £ F(TM © A*): 

- (£ a Q.b)(v) + (£ b fl.a){v) + (fl.bo (p, p*) o Sl.a)(v) - (n.a o (p, p*) o n.o)(u) 
= — £ a Qi>b + ^£ aV b + £bQ v a — ^£ b vO> + ^( P , p *)n va b — ^( PtP *)a v b a 
= — £ a fl v b + £bfl v a + nyba Sl ,fr — Q V bns v a = —R&(a, b)v — Q v [a, b]. 

(2) \E a , at] = (£ alJ y + n (p , p , )ff at = (V^ s a)+. 
For the anchor map, we compute: 

(4) 9(S a )(£ (T ) = ^£ a(T -(n.a)*((p,p*)<T), which yields the desired equality since 

((ao)*((p,p»,v) = (n„a,(p,p» = ((p,p*)n„a,a) = (V^-A^a) 

= p(a)(v,(r) - (Skew A (i>, (p,p*)cr),a) - (v, VjfV) - (£ a v,a) 
= -(Skew A (v, (p,p»,a) - (v,V h a m a) + (v, £ a a) 

and consequently 

(v,£ a *-(n.ay(( P ,p*)o-)) = (v,V h a as *a) 

by (1) of Proposition [521 
The remaining equalities follow from Proposition ID . 1 1 □ 

Theorem 5.9. Consider a Lie algebroid A and a Dorfman connection 

A : T(TM © A*) x T(A © T*M) -> F(A © T*M). 

Let U C TM © A* and C A© T*M be subbundles. Then the sub-double vector bundle 
D(u,k,[A]) is a subalgebroid of TA © T* A — > TM © A* over U if and only if: 

(1) (p,p*)(K)CU, 

(2) Vj^fc £ F(A') /or aZZ a £ F(A) and ft G F(iT), 

(3) Vj^u G r(J7) /or a« a G F(A) and u £ T(U), 

(4) i? A as (a,o)u G F(i^) /or a« u e F([/) 7 a,b £ T(A). 
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Proof. Assume that D^kja]) -> U is a subalgebroid of TA © T*A -> TM © A*. Then we 
have {{p,p*)kf\u = &(tf\u) £ and Vpla = ©(a|tr) £ X(C/) for all a 6 r(A) and 

fc e T(K). This is the case if and only if {{p, p*)k)^{li)\u = and V^{k)\u = for all 
I G T(U°). Since ((p, p*)k^{£i) = tt* ((p, p*)k, l) and V£ as (^) = l vh ^, h we find that (p, p*)k 
must be a section of U and V^ as *2 G F([/°) for all / G T(U°). But the latte r is equivalent 
to Vjf s it G T(U) for all it G T(C/). We have in the same manner (V£ aa /s) t ltf = [a,tf]\u G 
r(X>(u,jr,[A])) and ([a,b] - R A as (a,by)\u = [a,b]\ a £ r(D (ff)JC)[A]) ) for all a, 6 G T(A) and 
fc 6 r(/\). But this is only the case if V^ as fc € T(K) and, since [a, b]\u G r(D([/ iifi [ A ])), 
# A as (a, 6)t| £7 G r(D (c/JC[A]) ). The lattest holds only if i? A as (a, b)u G r(i^) for all u G r([7). 

The converse implication is shown in the same manner. □ 

5.3. £A-Dirac structures in T A®T* A. In this subsection and the next, we will study in 
more details the triples (U,K, [AJj/^) associated to Dirac structures on A that are at the 
same time Lie subalgcbroids of TA © T*A ~ > TM © A* . We call such a Dirac structure an 
£A-Dirac structure on A. 

Theorem 5.10. Consider a Lie algebroid A and a Dorfman connection 

A : T(TM © A*) x T(A © T*M) -> T(A © T*M). 

Let U C TM © A* and K C A © T* M be subbundles. Then Dm^JA]) * s a Dirac structure 
in TA © T*A -> A and a subalgebroid of TA © TM -> TM © A* over U if and only if 
(U,K, [A]) is a CA-Dirac triple, i.e. if and only if: 

(1) K = U° 

(2) (p,p*)(K)CU, 

(3) (U, pr rM j [" ■ '1a) is a £*e algebroid, 

(4) V^ as /c G F(A) for all a G r(A) and k G F(A), 

(5) R^(a,b)u G T(A) /or a/Z u G F([/), a, & G r(A). 

Proof. This theorem follows from (2) in Corollary 14.231 and Theorem 15.91 Note that if U = 
K°, (p,p*)K C [/ and (U,pr TM , [• , -Ja) is a Lie algebroid, then preserves r(C/) if and 
only if V„ as preserves T(K). So (2) and (3) in Theorem 15.91 become the same condition. □ 

Remark 5.11. A triple (U,K, [A]jj,k) satisfying (1)~(5) in Theorem 15.91 will be called an 
£A-Dirac triple on A. We have found a one-one correspondence between £A-Dirac triples 
on A and £A-Dirac structures on the Lie algebroid A. 

Example 5.12. Consider again Examples 14.171 and 14 . 2 71 Assume that A* has itself also a 
Lie algebroid structure with anchor p* and bracket [•,•]*. For simplicity, we switch the roles 
of A and A* in Examples 14.171 and 14.271 Here, the second condition is equivalent to 

(5.13) p*op* = -popl 

We assume in the following that this condition is satisfied. 
We have also: 

n {fu(iU) a = (£ s a - P :<V*£, a), <V*£, a)) - (0,d(£,a» = (i 5 d A a + p*^, V.a), -<£, V.a)) , 
for all £ G T(A*) and a G T(A) and so 

^(p,p*)(-Pie,e) a = tt( P *(. P *e),p*e)a = (i p >ed A a + pt(p*6, V.a), -(p*6, V.a}) . 
for all 9 G J7 1 (M). In particular, if 9 = dip for some <p G C°°(M), we get: 
V^ as (-/0*d</?, d<p) = ^(p,p«)(_ p: d v ,d v )a + a(-ptd(p, dip) 

= (i P * d v d A a + pl(p* dip, V.a) - [a, p*d</j], -(p*dip, V.a) + £ p(Q ) (d</>)) 
= (id A . ^d^a + p%{d A *ip, V.a) - [a, d A ip], -(d A ,(p, V.a) + d(/9(a)(<p))) . 
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Thus, using the first condition, Vj^ as (— p$dip, d<p) G r(if) if and only if 

((id A . ^d A a + pl(d A ,<p, V.a) - [a, d A <^], -(d A ,(p, V.a) + d(p(a)(tp))) , , £)) = 

for all £ G r(j4*). But this pairing equals 

({ia A , v d A a + pl{d A *tp, V.a) - [a,dA<p], -(d^V, V.a) + d(/>(a)(<p))) , (/?*£,£)) 
= - (d^*^, Vp,( S) a) + p»(£)p( a )(¥>) + (dAa)(dA»<P,£) + (dA*<P, V p,(«) a ) ~ (£> [a>dA^]) 
= P*(£)p( a )(<< 5 ) +P*(dA«^)(C,a) - p»(C)(dA*<^,a) - (a, [dA*<p, £]*) - (£, [a,d A <^]) 
= ((p* °P*)(d<p),d((£,a))) +p*(g){a,d A *<p) - (£ ? a, d A ,ip) - p(a)(£,d A (p} + (£ a £,d A tp) 
= (difi, (p o p*)d((£, a))) + p»(£)p(a)(» - p{£/:a){ip) - p(a)p,(£)(<p) + p*(£ a Q(<p) 
= ([/>*(£), P(o)] + P*(£aO - p(^a) + p(dA(e, a))) (V)- 

Since ip was arbitrary, we have shown that the fourth condition is satisfied if and only if 



(5.14) [p(a), p*(0] - p*(£ a + p(£za) = p(d A {S, a)) 

for all a G T(A) and £ G T(A*). Thus, we have found until here (|5.13[) and (|5.14|l , which are 
shown in [22j Theorem 12.1.9] to imply the fact that (A, A*) is a Lie bialgebroid. 

We conclude by showing that the last condition, on the basic curvature, follows as well 
from (|5~T5|) and (|5~T4l . Since fi (p „ (£ ) j£) a = (i c d A a,0) - (-^(£, V.a), (£, V.a)) and A" = f7°, 
wc find 

( fi (p»(£).f) a > (P*V,V)) = (dAa)(^,77) 

for all a G r(A), £,77 G T(A*). The fourth condition together with the first identity in 
Proposition 15.21 and the first and third conditions imply that V^ as w G T(A) for all u G T([/). 
Hence, 



vr (p* (0 , = (P. P*) Mao + p: V.o) , - V.o)) + A (p, (0 , 
= (p*(-p*(£, V.a) + £ o 0, -P*(£, V.a) + £ a 



and 

(n V b»(p»£,£) & ' (P* 7 ?' = ( d Ab){-p*(£„ V.a) + £ a £, 77) 



for all a,b G f, 77 G r(A*). 
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We get hence that 

« s (a, &)(p,£ 0, (p*V, V)) - (d A [a, b])(t, rf) - {£a{k& A b + pl(t, V.b), -(£, V.b)), (p^, V )) 

+ (£ 6 (ied A a + p;<f, V.a), -<£, V.a)), {p^rj, r,)) 

- (d A a)(-p*<£,V.&) + £&,ri) + (d A b)(-p*(£,V.a) + £ a Z,v) 
= (d A [a, &])(£, rf) - p(a)(d A b(£, rf)) + d A b(t, £ a rj) 

+ P (b)(d A a(£, v)) - d A a(£, £ h rj) - ((p*^, V.a), -(£, V.a)), £ b (p*r], rf)) 

- (d A a)(-p*(Z, V.b) + £ b £, rf) + {d A b)(-p*{£, V.a) + £ a £, rf) 
= (d A [a, b] - [a, d A b] + [6, d A a})(£, rf) 

+ (£,Vp,(£»T,)b) - (£, V[p(a),p, V ]b) 

- (£, Vp,(£ bV )0) + (€,V[p(.b),p,r,]a) 

+ p*p*{£, V.b)((a, rf)) - p*r)(Z, V p(Q) 6) + (a, [ v , p*{£, V.b)],) 

- P*P*(£,'V.a)({b,ri)) + p*i7^,V p (6)o) - (6, [r?,p*(£, V.a)]*) 
= (d A [a, 6] - [a, d A fe] + [6, d A a])(£, 77) 

+ (^,^p,(£ a ri)b) - {€,V[p(a),p„n]ty 

- (£,V p„(£ b n)a) + (£, V[p(6), p ,,]a) 
+ (C,Vp(d A (o,»,» 6 > - (?> V p(i;?ja) 6) 

- (C> Vp(d A (6,»j»a> + (£,i^p(£„b)a)- 

By (|5.14[) , the second and the fourth lines, and the third and the fifth lines cancel each other. 
We find hence that the last condition is satisfied if and only if (A, A*) is a Lie bialgebroid. 
Hence, (U, K, [A]) is an £„4-Dirac triple if and only if (A, A*) is a Lie bialgebroid, and so the 
graph of tt a is mrophic and Dirac if and only if (A, A*) is a Lie bialgebroid. This recovers a 
result in [25] . 

Example 5.13. In the situation of Examples 14 . 1 8 l and 14.281 assume furthermore that E =: A 
is a Lie algebroid. To avoid confusions, we write V A for the A-basic connections induced on 
A and TM by the Lie algebroid structure on A and the connection V, and for the basic 
curvature associated to it. 

The second condition of the last theorem reads here 

(p,p*)(a,a(a)) = (p(a),-a*p(a)) 

for all a eT(A), i.e. 

p o a = —a o p. 

This is exactly the first axiom defining an IM-2-form a : A — > T*M [6j [5]: 

(a(a),p(b)) = -{p(a),a(b)) 
for all a, b G T(A). We next compute Vjj as (6, a{b)). We have 

tt { x,-**x)a = (Vjro, -£ x cr(a) + <r(V x a)) + (0, d(<r(a),X)) = {V x a, -i x da(a) + a(V x a)) 
and as a consequence 

V„ as (6,o-(6)) = tt(p, p *)(b,<T(b))a+£a(b,(T(b)) = (V p(b) a+[a, b], £ p{a) a(b)~i p{b) da(a)+<r(V p{b) a)). 

We find hence that V^ as (6, a(b)) G L(A') if and only if ([a, 6], £ p(a) er(o) - i p(b) dcr(a)) G L( J ftT), 
i.e. if and only if 

<r([a, b]) = £p( a )cx{b) - i p(&) dcr(a). 
Since this is the second axiom in the definition of an IM-2-form, we recover the fact that 
the graph of (cr*w can ) b : TA -> T* A is a subalgebroid of TA © T* A TM © A* over 
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U = graph(— a*) only if a : A — >■ T*M is an IM-2-form. To show the equivalence, we show 
that the last condition in the last theorem follows here again from the four other. We have, 
for a, b G T(A) and X, Y G £(M): 

^(x,-<r*x)a = -(0,ixdo-(a)) + (V x a, a(V x a)), 

hence 

Afyx ,-<7*X)0 = -(0, £ p( b )'ixda{a)) + ([b, V x a], £ pib) <r(Vxa)) 

= -(0, i[ p ( b ),x]da(a) + i x £ p (b)da(a)) + {[b, V x a],a([b, V x a\) + i p(Vxa )do-(b)) 

and 

V* as (X, ~a*X) = —(p, p*)(0, ixdcr(a)) + (p, p*)(V x a, cr(V x a)) + £ a (X, -a*X) 

which equals (V^X, -<7*(V£X)) since V^ as u £ r(J7) for all u G r(C7). 
We get hence 

O, =(i?4(«, a(i?4(a, 6)(X))) 

+ (0, -i x do-{[a, b]) + i [p(a)iX] do-(o) + \ x £ p[a) da{b) - i p(Vxb) da(a) 

- i[ P (6),x] dcr ( a ) - ix£ p (b)da(a) + i p{Vxa) dcr(b) + i V A A -dcr(a) - i V A X da(b)) 
= (R$(a,b)(X),a(R$(a,b)(X))) - (0, i x d(a([a, b]) - £ p(a) a(&) + i pW da(a))) 
= (R$(a,b)(X),a(R$(a,b)(X))) G r(JQ. 

We continue with the study of £„4-Dirac triples. We first observe that if (U, K, A) is a 
£„4-Dirac triple, then K inherits a Lie algebroid structure. 

Theorem 5.14. Consider an CA-Dirac triple (U, K,[A}jj,k)- Then 

(K,pK ■= po Wa, [• , -]£)|r(K)xr(K)) 
is a Lie algebroid and the map {p,p*) : K —>U is a Lie algebroid morphism. 

We need the following two lemmas, which will also be useful later. 

Lemma 5.15. The equality 

(5.15) V£ a V 2 = -Ka^ + A^,.)^! 
/ioWs /or o-i, cr 2 G T(A © T*M). 

Proof. Write o-j = (a 1 ,9 2 ) and cr 2 = (a 2 , 9 2 ) G T(A © T*M). Then: 
V^ as o- 2 = V|j as o- 2 = (p ^ p . )(T2 ai + £ ai cr 2 

= A (p ^ p » )CT2 o-i - (O,d(0 2 ,p(ai))) - (0, £ p(a2) 9 1 ) + ([ai, a 2 ], £ p ( ai )6 2 ) 
= A( PiP *) CT2 0-i - [(T 2 ,cri]_D- 

□ 

Lemma 5.16. Le< ([/, A', [A] be an CA-Dirac triple. Then, for all v £ T(TM © A*) 
and T,a G T(A © T*M): 

(5.16) ((p, p*)A t ,r - [«, (p, p*)r] A - V b ™v, a) = (V* as «, r). 

This yields the following corollary. 

Corollary 5.17. Let (U, K,[A]jj,k) be an CA-Dirac triple. Then, for all u 6 T(U) and 
k G T(K): 

(p,p*)A u k = lu,(p,p*)kl A + V h k * s u. 
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Proof. By Lemma 15.161 we have 

((p, p*)A u k - [u, (p, P *)kU - Vt^u, a) = (V h ™u, k) 
for all a 6 T(A © T*M). Since V^ as preserves T(U) by Theorem |03 this vanishes. □ 

Prop f of Lemma \5.1b\ We write r = (b,9) and v = (X,£). Then we have for any a = 
(a,u) E T(A © T*M): 

((p,p*)a„t-Mp,p>]a-v{t^> 

=(A„t - n v b, (p, p*)a) - (£ b v, a) + ([(p, p*)r, vj A , a) - (Skew A ((p, p*)r, v),a) 

={(P,£xQ + d{€,b)),(p,p*)o-) - (£bV,o) + p{b)(v,cr} - (v, A (P;P „ )T er) - (Skew A ((p, p*)r, v), a) 

=(£ x 6, p(a)) + p(a){t, b) + (v, £ b a) - (v, V* as r - [a, r] D + (0, d(<x, (p*, p)r))) 

— (Skew A ((p, p*)t, v), a) by Lemma 15. 151 

= - (v, v£"V) + (£ x 6, P (a)) + p(a)(£, b) + (v, £ b a) 

+ <£, [a, b}} + {£ p{a) 6-£ p{b) u,X)+X{u,p{b))-X{cj, (p*,p)r> - (Skew A ((p, p*)r, v), a) 
= - (v, V£"V) - (9, [X, p(a)}) + p(a){v, r) + (v, £ b a) 

+ <£, [a, b}) - (0, [p(a), X}) - (£ p{b) cj, X) - <Skew A ((p, p*)r, v),a) 
= - (v, V* as r) + p(a){v, t) - <Skcw A ((p, p*)r, v), a) = (V h ™v, r). 

□ 

Proof of Theorem [5J4\ By (|5T9]h the equality U = K° and the inclusion (p,p*)(K) C U, 
the bracket [-,-}d is skew-symmetric on sections of K. Choose k\ = (ai,6i),k2 € T(K). 
Then, by Lemma f5 . 1 5 1 we have 

[kiMn = V^ as fc 2 - A (PiP » )fc2 fc! 

Since by Theorem 15.101 the sections V^ s k 2 and A( pp .) fc2 fci are elements of F(K), we find 
that [fcijfeln S r(if). The Jacobi-identity follows directly from (|5.10[) . 

We show next that (p,p*) ■ K — » U is a Lie algebroid morphism. We have 

Pu ° (p, P*) = Wtm °{P,P*)=P° P r .4 = Pk 
and, for all ki,k 2 € T(K), using Lemma T5. 171 Lemma \h. 151 and Proposition 15.21 

i(p,p*)h,(p,p*)k 2 } A = (p,p*)A (p>p , )kl k 2 -vi™(p,pnh 

= (p,p*)(A (PtP * )kl k 2 -V h k ™k 1 ) 
= (P,P*) ([ki,k 2 ] D ) ■ 

□ 

Example 5.18. (1) In the case of a £^4-Dirac triple as in Example l5.121 we have K = 
{(-ptd,9) | <= T*M} and U = {p* (£).£) I £ G ^*}- Th e Lie algebroid structure on 
K is just the Lie algebroid defined by the graph of the anchor of the Lie algebroid 
(T*M) W with 71-" = -p o p* = p* o p* and the fact that 

(p,p*) :/v 

recovers the fact that, for a Lie bialgebroid, the map p* : T*M — >■ A* is a Lie 
algebroid morphism (see for instance [22], Proposition 12.1.13). 
(2) In the case of a £„4-Dirac triple as in Example 15 .131 we have [(a, c(a)), (&, c(^))]d = 
([a, 6], <£ p ( a )0"(6) — i p (b)dcr(a)) = ([a, 6], <r([a, &])) G r(if) by the results in Example 
14.281 Hence, if is a Lie algebroid. The map (p, p*) sends (a, <r(a)) to (p(a), — <r*p(a)) S 
r({7) since p* o a = —a* o p. The fact that (p, p*) is a Lie algebroid morphism also 
follows from this equality and the fact that p is is a Lie algebroid morphism. 
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6. The Manin pair associated to an £.4-Dirac structure 

We conclude this paper by showing that the infinitesimal description of an £.4-Dirac 
structures on Lie algebroids is a Manin pair [7] (C, U), where C — > M is a Courant algebroid 
that is in a particular sense compatible with A and such that the Dirac structure U in C 
can be seen as a subbundle of TM © A* with anchor pr TM . 

We start by describing the representations up to homotopy describing the two sides of a 
Dirac algebroid. 

6.1. The two VB-Lie algebroid structures on an £.4-Dirac structure. Let A — > M 

be a Lie algebroid and Da a £.4-Dirac structure on A, hence corresponding to a £^4-Dirac 
triple (U,K, [A]u, K )- 

The Lie algebroid structure D m,K,[A]) — ^ ^4 is described by the representation up to 
homotopy |10j defined by the vector bundle morphism pr^ : K — > A, the connections 

(pr A o fi) : T(U) x T(A) -> T(A) 

and 

A : T(U) x T(K) -> T(K), 
and the curvature Ra ■ r([/* © U* © A* x K). 

The Lie algebroid structure of the other side Dm k,[a\) ~ ► U is described by the complex 
(p,p*) : K ->• U with the basic connections V bas : T(A) x T(U) -> T(U) and V bas : 
T(A) x T(A') -> r(if) and the basic curvature i? A as € r(A* ® A* ® ?7* ® if). 

Theorem 6.1. Let A — > M be a Lie algebroid and (K, U, A) a CA-Dirac triple. Then: 

(1) Condition (5) of Theorem \5.10\ is equivalent to: 

V bas K vj A - IVJT", v} a - lu, V h a as v}A + V A as a - V A as CTM = -(p, P *)Ra(u, v)a 

for all u, v e T(U) and a g T(A © T*M). 

(2) The equality 

A u [cri, ct 2 ]d - [A u cri,cr 2 ] D - [a u A u a 2 } D + A v ^ u a 2 - A V ba 3 „cri + (0, d(<Ti, V bas u}) 
= -i? A as (a 1; a 2 ) U 

ZioZrfs /or al/ ai, <T2 € T(A © T* M) with pr^(<7i) =: and all u £ T(U). 
The proof of these formulas is quite long, but straightforward. It can be found in Appendix 

11 

A double Lie algebroid is not only a double vector bundle with VB-algebroid structures 
on both sides such that the VB-structure maps on each side are Lie algebroid morphisms of 
the other side. There is an additionnal more complicated criterion that one needs to check, 
namely the existence of a Lie bialgebroid over the dual of the core of the double vector bundle 
[21| . The two formulas in the last theorem seem to be part of the compatibility conditions on 
the two representations up to homotopy, that are necessary for this Lie bialgebroid condition 
to be satisfied. 

6.2. The Courant algebroid associated to an £.4-Dirac triple. Assume that the triple 
(U, K, A) is an £.4-Dirac triple and consider the vector bundle 

(6.17) C := U \??™\ ^ M. 

graph(-(p,p*)| K ) 

We will write u © a for the class in C of a pair (u, a) £ T(U © (A © T*M)). It is easy to 
check that 

(6.18) ((ui © 01, u 2 © er 2 ))c := ("i, cr 2 ) + (u 2 , ai) + (oi, (p, p*)a 2 ) 
defines a symmetric fibcrwise pairing ((• , -))c on C . 
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Proposition 6.2. The pairing ((■ , -))c is nondegenerate and the vector bundle C is isomor- 
phic toU ®U* . 

Proof. The nondegeneracy of ((■ , -))c is easy to check. 

Define the map l:U^C,u^u®Q and it : C ->• U*, ir{u © a)(v) = ((u®o-,v® 0)) c 
for all u © a £ C, v £ U. The map t is obviously injectivc. Assume that i/j(u © a) = 0. Then 
(a, v) = for all v £ U. Hence, a £ K and u © a = (u + (p, p*)a) © G im(7r). A dimension 
count yields that 7r is surjective, and since the sequence 

is exact, we are done. □ 
Set 

c:C -> TM, 
c(u © a) = pr TM (u) + po pr A (cr). 

Theorem 6.3. Assume that (U,K, [A]) is an CA-Dirac triple. Then C is a Courant alge- 
broid with anchor c, pairing ((• , -))c and bracket 

[■ , •] : r(c) x r(c) -y r(c), 



(6.19) [u x fficri,u 2 ffio- 2 ] 

= ([«!, «a] A + V^ s u 2 - V^ s wi) © ([o-i, a 2 ] D + A Ul a 2 - A U2 cti + (0, d<<n, u a ))) . 
T/ie map 

D = c* od : C*°°(Af) -> T(C) 

is given by 

/^0©(0,d/). 

The proof of this theorem can be found in the appendix. 

Remark 6.4. (1) It is easy to check that the Courant algebroid structure only depends 
on the (U, K )-equivalence class of A. 
(2) This construction has some similarities with the one of matched pairs of Courant 
algebroids in [TT|. It would be interesting to understand the relation between the 
two constructions. 

Definition 6.5. (1) A Manin pair over a manifold M is a pair (E, D) of vector bundles 
over M, such that E is a Courant algebroid and D a Dirac structure in E [7]. 
(2) Let (A — > M,p, [•,•]) be a Lie algebroid. An A-Manin pair is a Manin pair (C,U) 
over M , where 

(a) U C TM © A* is a subbundle such that (p, p*)(U°) C U, 

(b) C is the vector bundle 

U_®(A® T*M) 
graph(-(p, P*)\u°) 
endowed with the anchor c = pr TM (Bp o pr A and the pairing ((• , -}}c- 

(c) The bracket of C satisfies [0 © cri,0 © er 2 ] = © [<7i,, ct 2 ].d for all <7i,cr 2 G 
T(A © T*M). 

The final theorem and second main result of this paper is the following: 

Theorem 6.6. Let A be a Lie algebroid over a manifold M. Then there is a one-one 
correspondence between CA-Dirac structures on A and A-Manin pairs. 
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Proof. We have already seen that £.A-Dirac structures on a Lie algcbroid A are in bijection 
with £.4-Dirac triples on A. We show here that there is a one-one correspondence between 
£.4-Dirac triples on A and A-Manin pairs. We have seen in Theorem 16.31 how to associate 
an ^4-Manin pair to an £^4-Dirac triple on A. 

Conversely, choose an A-Manin pair (C, U) and set K := U° C A®T*M. Then U ~ U®0 
is a Dirac structure in C and there is hence an induced Dorfman connection 

A u : T(U) x T{C/U) -t Y{C/U). 

It is easy to verify that the map C/U -> (A © T*M)/U° sending u © er G C/U to a G 
(A T*M)/U° is an isomorphism of vector bundles. Using the Leibniz equality in both 
arguments, extend the Lie algebroid bracket of U to a dull algebroid structure on TM © A* 
with anchor pr TM . It is easy to see that the corresponding TM © A*-Dorfman connection 
A on A © T*M satisfies A u k G T(K) for all k G T(K) and u G T(U), and that the induced 
[/-Dorfman connection on the quotient (A®T*M)/K is equal to A u . Furthermore, for two 
dull extcntions of [-,•][/, we find that the corresponding Dorfman connections are (U,K)- 
cquivalent. Hence, we can write A u = [A]. We check that (U,K,A U ) is an £.4-Dirac 
triple. 

For this, we only check that the Courant bracket of C is defined as in (|6.19|) . The proof 
of Theorem 16.31 shows that all the conditions in Thcorcm l5.10l are then satisfied. 

Choose t = {a, 9) G T(A © T*M), a = (b,u) G T{A®T*M) and u = {X,g) G T{U). We 
want to compute v = v(t, u) G T(U) such that © 0, © r] = v © A„r. Note first that 

\u © 0, © t] + 10 © r, u © 0] = V((u © 0, © t)) c = T>(t, u). 

The map V : C°°(M) T(C) is given by 

((u © er, Vip)) c = (pr TM (u) + p o pr A (cr))^ 

for all u © a G r(C), i.e. T>ip = © (0, dtp). Then, by the Leibniz property of the Courant 
algebroid bracket on C, we find 

p(a){u,a) =c(0ffir)((w©0,0fficr))c 

= ((10 © r, u © 0], © a)) c + ((« © 0, [0 © r, © aj)) c 

= «(-«) © (-A„t + (0, d(r, tt ))), © a)) c + ((« © 0, © (£ a a + (0, -i p(b) d0))» c 
= a) - ((p, p*)r! u a, a) - (£ x 0, p(b)) + p(b){6, X) + (u, £ a a) - d0(p(b),X) 
This leads to 

-(v,a) = ((p,p*)Q u a,a) + (£ a u,a) 
and, since a was arbitrary, we have shown that 

[u © 0, © r] = (- V^ as u) © A u t. 

□ 

Example 6.7. Consider an £^l-Dirac triple as in Example 15.121 The vector bundle mor- 
phisms 

* : C -> A © A*, © (a, 0)) = (a + p^, f + 

and 

$:AffiA*^C, §(o,0 = (p.^0©(o,0) 

are well-defined and inverse to each other. A straightforward computation using the con- 
siderations in Examples 14.171 and 15.121 shows that C is isomorphic to the Courant algcbroid 
structure on A © A* induced by the Lie bialgebroid (A, A*) [2T)fl 



4 In [20] . the authors work with the definition of Courant algebroids with antisymmetric brackets. Here, 
we get the corresponding Courant algcbroid as we chose to define them. 
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Example 6.8. Consider now an £„4-Dirac triple as in Example 15.131 Again, we find that 
the vector bundle morphisms 

n : C -+ TM © T*M, Il((X, -a*X) © (a, <?)) = (X + p{a),6 + a(a)) 

and 

6 : TM © T*M -> C, Q(X, 9) = (X, -a*X) © (0, 6) 

are well-defined and inverse to each other. Here, one gets immediately that C and the 
standard Courant algebroid TM © T*M are isomorphic via these maps. 
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Appendix A. Linear almost Poisson structures on E and splittings of 

TE® T*E 

Consider here a skew-symmetric dull algebroid (A, p, [■ , •]). This is equivalent to a linear 
almost Poisson bracket on the vector bundle A* — > M, i.e. a skew-symmetric bracket 
{-,-}: C°°{A*) x C°°{A*) -> C°°{A*) such that 

(1) {• , •} satisfies the Leibniz identity, 

(2) {£ a , It} = £[ a ,b] is again linear for two sections a, b G T(A) and 

(3) {l a ,q* A ,p} = q* A ,(p{a){ip)) is again a pullback for all a G T(A) and ip G C°°(M). 
Let ^ G X 2 (A*) be the bivector field associated to this almost Poisson structure. We 
will describe the vector bundle morphism tt^ : T* A* -> TA*, dF H> {F, ■}, F G C°°(A*), 
associated to it. 

We compute the vector fields 7r^(d£ a ) and 7r^(6' t ) for all a G T(A) and 9 G fi x (M). 
Since J A (q* A ,dcp)(q* A ,ij) = n A (dq A ,<p)(q A ,i>) = and 7T A (dq A ,cp)(£ a ) = -q A ,(p(a)(<p)) for 
all tp,i/> G C*°°(M) and a G we find n A (q A .d<p) = -(p*(dtp))^ for all tp G C°°(M) and 

consequently Tr A (q A ,9) = -{p*fffi for all 6 G fi^M). 

In the same manner, we have 

■n- A (d£ a )(£ b ) = £[ a>b ] and 
7r A (d£ a )(q A ,<p) = q A ,(p(a)(tp)) 

for a, 6 G r(A) and tp G C°°(M). Consider the vector field p(a) G that is defined by 

£ m + t£ a £(m) 



P{a)(£m) = T m £(p(a)(m)) - ^ 



t=o 

for all £ m G A* and any section £ G such that £(m) = £ TO . Since 

pM(£m)(4) = p(a)(m)(£,6) - <£ a £,b)(m) 

= (£, [a,6])(m) = ^[ a ,fc](Cm) and 

/>(a)(fm)(SA*¥>) = p(a)(m)(tp), 
we have shown the equality 

7ri(a) = 

Appendix B. The canonical symplectic form and TM-connections 

We consider here the vector bundle cm ■ T*M — S- M over a manifold M. Recall that there 
is a canonical 1-form # can G fi 1 (T*M), given by 

cjw(a; Qm )) 

for all a m G T*M and x Qm G T am (T* M). The canonical 2- form w can is defined by 

^can d$ can 

and (T*M, w C an) is a symplectic manifold. 

Choose any connection V : X(M) x X(M) — > X(M) and consider the linear section X = 
V* G X(T*M) over X G X(M) defined by the dual connection V* : X(M)xfl 1 (M) -> Q^Af) 
as in Section [2.3.31 and the core sections cr for a G Q^M). We have then, by definition of 
the horizontal and core sections: 

(a m ),X(a m )) = (a m ,X(m)) 
),P{a m )) = 
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for all a m G T*M, X G X(M) and f3 G This shows in particular the equality 

(6 caa ,X)=£ x . 

We have hence, for all /3, 7 G X (M), 1,7 e £(M): 

Wcan (x,f) = l(0 can (r)) - Y(e can (x)) - e c , n ([x,Y]) 

= X(£ Y ) - Y(t x ) - O caa {\X^Y] - Rv(X,Y?) 

= ^VxY ~ P-V Y X ~ i[X,Y] = i^ x Y~^ Y X-[X,Y]i 

Wcofat i gt)=o. 

Hence, the one- form uj^ can (X) is given by 

loIJX) = -dfcc + (-, Tor v (X, •) + W.X)\ 

where (•, Tor v (^, •) + V.X) is seen as a section of Hom(T*M, T*M). 

Consider now a vector bundle E — > M endowed with a vector bundle morphism a : 
E -> T*M over the identity and a connection V : X(M) x Y(E) -> r(.E). The one-form 
cr*9 c& n G can, here also, be caracterized as follows 

((<7*0 can )(e ro ),!(e m )) = {6 a{em) ,T em a{X{e m ))) 

= (<j(e m ),X(m)) 

((a*e calL )(e m ),fHe m )) = (0 a{em) ,<j(f)He m )) = 

for all a m G T*M 1 X G X(M) and /3 G fi 1 (M). This shows in particular the equality 
(a*0 caJ1 ,X) = e a . x . 

We have hence, for all e, / G n 1 (M), X, Y G X(M): 

(i* Wcan (l,y) = x((a*0 can )(y)) - y(((i^ can )(l)) - (a*e ca , n )([x,Y}) 

= X{£ a , Y ) - f (W) - {a*6 cw )([X^Y} - i? v (^,^) f ) 

= t-V x (a*Y) - &V Y {a*X) - &<t*[X,Y] = ^V x {a*Y)-V Y {a*X)-a*[X,Y] 

a*cj can (X, e t ) = 1(0) - e^W) - ^*0can([X, e f ]) = -«£(a(e), X) 
er*u; can (e 1 ', Z 1 ") = 0. 

Hence, the one-forms (a* w C an) b (1) and (cr*w can ) (e^) G fi 1 (i?) are given by 
{a*u c&u f{X) = d£_ a , x + (a(Vx-) - £x 
where a(V x -) — £ x (a(-)) is seen as a section of YLom(E,T*M), and 

(a*c can ) b (e^) = q* E (*(e)). 

Appendix C. Proof of Theorem 14.131 
We prove in this section Theorem 14. 131 For simplicity, given a Dorfman connection 
A : T(TM © E*) x T(E © T*M) —¥ T(E © T*M), 

we will write X = pr TB (X, £) and £ = pr T » B (X, £). 

We prove first a few technical lemmas. 
Lemma C.l. The Dorfman connection can be written 

A {x>o (e,e) = A {X4) (e,0) + (0,£xe) 
for all (X,£) G T(TM © E*) and (e,6) G T(E®T*M). 

Proof. This is proved in Remark 14.71 □ 
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Lemma C. 2. Choose (X, £), (Y, r)), (Z, x) £ T(TM © E*) andeeT(E). Then 

(1) pt e A {y , v ) (pr B A ( x,$)(e,0),0) = pr B (A ( y j7)) A (x>s) (e, 0)), 

(2) <(pr B A (x , £) (e, 0), 0), [(Y, r?), (Z, X )Ja) + (pr T , M A ( x, 4 )(e, 0), [Y, Z]) 
= (A (Ar ,o(e,0) > [(y, f7 ) J (^x)lA>. 

Proof. The second formula is immediate. For the first one, choose x £ r(i£*). Then 

( X ,pr B A (Y , n ) (pr E A (XjO (e,0),0)) = ((0,x),A ( ^) (pr B A (Jt , f) (e, 0), 0)) 

= y((0,x) ! (pr E A (x , o (e,0),0)> 

- <[(Y, r,), (0, x)]a, (pr B A ( x, C )(e, 0), 0)) 
= F((0, x), A (x>€) (e, 0)) - ([(y, n ), (0, x)1a, A ( x,s) (e, 0)) 
= ((0,x),A ( ^)A (x>o (e,0)) 
= (x ! pr E A (y ^ ) A (Xie) (e,0)). 

In the third equality, we have used the fact that pr TM [(Y, rf), (0, x)]a = 0. Since x was 
arbitrary, we are done. □ 

Lemma C. 3. Choose (X,£) £ T(TM © E*). 

(1) For any section r\ £ r(£7*), £/ie function X{i v ) is again linear and given by Xit^) = 
tMx.thn where ip < - X 'i'>' r i e T(E*) is defined by 

<^(*.0.V) = X( V ,e) - (r,, WE A {X!O (e,0)). 

(2) For any e £ r(_E), we /mue (£, e^) = q E (£, e) . 

(3) .For any e £ r(F), £/ie Lie derivative <£ e t£ equals q* E (d(£, e) — pr T » M A (XjC) (e,0)). 



(4) For any e £ T(E), we have 



X,e^ 



= (pr £ A (x , o (e,0))t 



Proof. (1) The function : E -> R is easily seen to be (7°° (M)-linear and hence 

a section of F*. A straightforward computation using the definition of X and the 
properties of A completes the proof. 

(2) This is immediate by the definition of £. 

(3) For any / £ T{E), we have 

(£ ef l ft = eH(l ft) - (I [J, ft) = eHtfsit, /)) - (1 0) = 0. 

This shows that £ e t£, is vertical, i.e. the pullback under q E of a 1-form on M. Thus, 
we just need to compute 

((£e-rO(f(m)),T m fx m ) 
for / £ T(E) and x m £ TM, But we have 



{(£ e tQ(f(m)),T m fx m ) = — 

d_ 

~ dt 
d_ 

~ di 



t=o 



(i(f( m ) +te(m)),T /(m) ^ (T m fx m )) 
(|(/(m) + te(m)), T m (/ + te)x m ) 



t=o 



x m (£,,f + te) - (pr T , M A(x,f)(/ + te, 0),x m ) 



t=o 



x m (t,e) - (pr T » M A (x€) (e,0),.T ln ). 
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(4) Since X ^ qE X and e^ ^ qE 0, we have [X, e^] ^ qE and the Lie bracket is a vertical 
vector field. We compute thus just [X, e^](£ v ) for sections r\ G T(E*). We have 

[X,^}(£ v ) = X{eHQ) - e^(X(l v )) = X(q E ( v ,e)) - e%c*, t >.,,) 
= <1*e(v,We \x,£){e,0)) = (pr s A ( ^ 5) (e,0)) t (^). 

□ 



Since X is linear over X, the flow (/j^ is a vector bundle morphism E ^ E over </>^ : 
7\/ — > M, for any igl where this is defined. Hence, for any section e G r(E'), we can define 
a new section ip x (e) G r(i?) by 



Lemma C.4. The time derivative of tp x satisfies 



d 
db 



t=o 



^f(e) = pr B A (x , c) (e,0). 



Proof. The curve c : 1 \— >• ip x (e)(m) is a curve in with c(0) = e m and satisfying q E oc = m. 
Hence, the derivative c(0) is a vertical vector over e rra . Since 4> x is linear, we have 



((^)V)(/ ro ) = £ 



s=0 



-tm"(/m) + se(^ (m))) = — 

as 



x i 



s=0 



for /,„ G -E. Thus, we get for any 77 G T(E*): 



[X,e^](£ v )(f m ) = - 



d 

~dt 


t=o 


(d/„ 


d 




d 


~dt 


t=0 


ds 


d 




d 


ds 


s=0 


di 


d 
ds 


s=0 


s(r?( 



(V(m),f m + sfye(^(m)))) 



s=0 



(r ? (m),/ m + S ^ t (e(0f (m)))> 



t=o 



eft 



t=0 



(e)(m)> = (r?(m), — 



Vf(e)(m)}. 



t=o 



This shows that 



" ' i 



>/>,» 



By (4) of Lemma IC.31 we are done. 



□ 



Now we can prove Theorem 14. 131 

Proof of Theorem \4-13\ (1) The first equality is easy to check: for the tangent part, we 
use the fact that the flows of the vertical vector fields commute. For the cotangent 
part, note that since ^ qE and y ^ qE and 9^ = q E 0, ui^ = q E ui, we get 
immediately £^l^ — \p&fft = q* E (£ w — iod#) = 0. 
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(2) For the second equality, we know by Lemma [C.3I that [X, e'] = (pr B A(x,£)(e, 0))^. 
We compute the cotangent part of the Courant-Dorfman bracket. Using Lemma 
10.31 we have 

- i e td£ = £ x t - £ e t| + d(l e t ) 

= £ x q* E 6 - q* E (d(£, e) - pr T , M A {x ^{e, 0)) + dq E (£, e) 
= q* E (£xd + pr T , M A (XjC) (e,0)). 



This leads to 



(X, 0, (e, 0)* = (0, £ X0 ) f + A (x , e) (e, 0)*. 



By the second formula in Lemma IC. 11 we are done. 
(3) Choose a section (/, 6) of E © T*M. Then: 

^£ x f, - i*d£ /*} = Xfo /t) - (r?, [1, f] ) Y(l /t) + /t£ y) + [y, /t] ) 
We have 

( a ) {fj, / T ) = 5js(*7, /) by Lemma El and consequently X{fj, / t ) = q* E {X{-q, /)). 



(b) 



(pr B A (XiO (/,0))tty(2)and(j7, 



X,/T 



follows. 

(c) (I, Y)(e m ) = y(m)(f , e) - (£, pr B A (y>I7) (e, 0))(m) - (Y, pr r . M A (JC>c) (e, 0))(m), 
which defines a linear function on E. This yields 

fHLY) = q* E (Y(t,f) - <£,pr s A ( ^)(/,0)) - <Y,pr r , M A ( x, ? )(/,0)». 
Thus, we get 



£ x r? - i 9 de, / f ) = {x ( v , f) - ( V , P r E a (Xi0 (/, o)> - y<£, /) 

+ Y(£,/)-(£,pr B A (y , r)) (/,0)) 

-<Y,pr T , M A (X)?) (/,0)) + (e,pr B A (y)I7) (/,0))) 

= ^(X(r / ,/)-((F, ? y),A (A , o (/,0))) 

= q* E (l(X,0,(Y,v)U,(fM- 

This leads to 

KT), , (/, 0)*) = «0, [x, y]) + (i(x, o, (Y, r?)l A , (/, 0))) 
= g^([(X,0,(F,r/)] A ,(/^)), 

which shows that 

( Y ,v) (O = (T m e[X,Y](m) 1 d em £ pTEtl{Xt6h{ Y^- ) i A ) + (g,cj) t (e m ), 

for some g e T(E), oj 6 fi 1 (M). 

As in the proof of Proposition 14.8) we know that for any (Z, x) £ T(TM © J5*), 
we have 



((g,uj),(Z,x))(m) = ([(X, 0,575] (e m ),(T m eZ(m),d ero i x )J 

- Z(m)([(X, 0, (Y, *?)]a, (e, 0)) - [X, Y] ( X) e) 
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We start by computing X, Y (£ x ). Using Lemma [C.3[ we have Y(l\) = £my,v),x 
and hence 



XY(£ x ){e m ) =X(e^y, v) , x ){e m ) 

= (x(^ Y ^,e) - (^'* pr £ A (JCiO (e,0)>) (m) 
= (Xy( X ,e)-X( X ,pr s A ( ^ ) (e,0)) 

- K{x,pr B A (X)O (e ) 0)} + (x,pr £ A ( y^ ) (pr i j A (X)O (e,0),0)» (m). 



Using Lemma we get 



[X,Y]{i x ){e m )={[X,Y]{ X ,e) + ( X ,W E (A {Y ^A {x ^(e,0) - Ap^A^e, 0)))) (m). 



Next, we compute (£ j^fj, T m eZ(m)) . Using Lemma [C.4l and the identity <fif {e m ) 
ip* t (e)((/)f (m)), we find 



(£ xfj(e m ),T m eZ(m)) 



d 
dt 
d 
dt 
d_ 
dt 



(y ( jo^^i ,T m eZ(m)) 
t=o ' m 

( V, (e) (*? ( m) V»-t (e) ((& (?) {4? H))> 

t=0 

((^)*(Z))(r 7 ,Vf t (e))(^(m)) 



t=o 
d 
(ft 



<pr T . M A (y>J)) (e) , 0), {<t£ t )* (Z)) (<tf (m)) 



(- [X, Z] (77, e) + XZ(<n, e) - Z(n, pv E A (x , (e, 0)) 
- X(pr T . M A(Y,r,)(e,0),Z) + (pr T . M A ( y jt)) (e, 0), [X, Z]) 
+(pr T » M A (y .^ ) (pr i j A (Xi4) (e, 0), 0), Z}) (m). 



We have also 



(d em (£, y),T m eZ(m)} =Z[{Z,Y}o ej 

= Z(Y(£,e) - (pr T » M A (x , o (e,0),y) - (£, pr^ A (y ,,)(e, 0))) 
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which leads to 
(£ x fj - iyd£, T m eZ(m)) 
={£ k f,-£yi + d{iY),T m eZ{m)) 
= (ZX( V ,e}-Z(r ] ,pv E A (X!O {e,0)} 

- X(pr T , M A {Y>v) (e,0), Z) + (pr T , M A (r , 7?) (e, 0), [X, Z\) 
+ (pr T *M A (Y, V ) (We A (x,i) (e, 0), 0), Z) 

-ZY(^e) + Z^, WE A {Y ^(e,0)) 

+ F(pr r , M A (Xj0 (e, 0), Z> - <pr T . M A (x , £) (e, 0), [F, Z]) 

- (pr T * a/ A (x,«) (pr B A (y ^) (e, 0), 0) , Z) 

+ZY (£, e) - Z(pr x , M A (x>€) (e, 0), F) - Z<£, pr £ A (K>7)) (e, 0))) (m) 
= (Z([(X, ^MKM)} 

- X(A (y>7)) (e, 0), (Z, 0)) + <pr T , M A (Y>7)) (e, 0), [X, Z]) 
+ (A (y ^(pr £ A (x , £) (e,0),0),(Z,0)) 

+ F(A (X , £) (e, 0), (Z, 0)) - <pr T , M A (x , €) (e, 0), [F, Z]) 

- <A (Xj?) ( P r £ A ( y,,) (e, 0), 0), (Z, 0))) (m) 
= (Z(I(X,O,(F,7y)] A ,( e ,0)} 

- <A (X , ?) A (yj7) (e, 0), (Z, 0)) - (A ( ^)(e, 0), \{X, £), (Z, 0)] A ) 

+ (pr T . M A {Y!V) (e, 0), [X, Z\) - ((pr B A (x£) (e, 0), 0), [(F, »?), (Z 0)] A ) 
+ <A (yt?) A (x?) (e, 0), (Z, 0)) + (A (x>€) (e, 0), [(F, (Z, 0)J A ) 
-(pr T , M A (xc) (e,0),[F,Z]) 
+ <(pr B A (y ,^ (e, 0), 0), [(X, 0, (Z, 0)] A » (m) 
= (Z([(X, £), (F r?)] A , (e, 0)) - (A (xe) A (y>7)) (e, 0) - A (y?;) A (XjS) (e, 0), (Z, 0))) (m). 

For the last equality, we have used Lemma IC.2I in the case \ = 0. Now we can 
conclude: 

{(g,u)),(Z,x)}{m) =(x,We (A ( y,,,)A (x0 (e, 0) - A (xe) A (Y ; 7) )(e, 0))}(m) 

- (A ix , £ ) A (Y,r,) (e, 0) - A ( ^) A (Xj?) (e, 0), (Z, 0))(m) 
= - (A (xe) A ( y j?)) (e, 0) - A (y - i(j) A (JCi0 (e, 0), (Z, x ))(m). 

This shows that 

( 5 , w)(m) = -i? A ((X, 0, (F T7))(e, 0)(m) - A I(xe) , (y>?))lA (e, 0)(m). 

□ 

Appendix D. The Lie algebroid structure on TA © T*A -> TM © A* 

Let (g,4 : A — > M, p, [■,•]) be a Lie algebroid. We describe here the Lie algebroid structures 
on TA -> TM, T* A A* and TA © TM — » TM © A*. 

For simplicity, we will write q := qa '■ A — > M and q* := c^* '■ A* —> M for the vector 
bundle maps. 

The Lie algebroid TA — > TM. For a £ L(A), we have two particular types of sections of 
TA — > TM: the linear sections Ta : TM — > TA, which are vector bundle morphisms over 
a : M — > A, and the core sections : TM — > TA, a^(x m ) = T m A x, n + PA ^ | t Q t ■ a{m). 
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The Lie algcbroid structure of TA — > TM is given by 

[Ta,Tb] = T[a,b] 
[Ta,tf] = [a,b]^ 
[a 1 ,^] =0 
P TA(Ta) = [^37-] £ X(TM) 
Pta(<J) = (p{a)f G X(TM). 

That is, we have for all a G T(A), ip G C°°(M) and 6 G Q 1 (M): 

p TA (Ta)(p* M tp) = p* M (p(a)(<p)) 

PTA(Ta){lg) = 4 p(a) e 
PTA(a f )(PM^) = 

P7vi(a t )(4) =p* M {0,p(a)} 



(see for instance [22]). 
TTie Lie algebroid T* A 



A* 

,4* - 



There is an isomorphism of double vector bundles 



A 



T*A ■ 



A 



M 



A* 



M 



over the identity on the sides, and — idr*M on the core T*M. The map R is given as follows: 
for uj G H 1 (M), we have 

R(q*MU)) = doAl £ - q*Uj(0i) 
and for £ G T(A*) and a G we have 



,&-«*<£,a>) 



for all to G -A/. In the following, we will write ur G Ta*(T*A) for the section £ m h-> 
i?(g*u;(£ m )), and a 1 G I\4*(TM) for the section £ m h-» i?(d 5(m) £ a ). 

Recall that since A is a Lie algebroid, its dual A* is endowed with a linear Poisson structure 
given by 



{4,4} 



■[a,b] 



{L,q*J} = q*Ma)(f)) 

for all a, & G and <p,ip £ C°°(M). Hence, there is a Lie algebroid structure on T*A* — > 
A* associated to this Poisson structure, and the Lie algebroid structure on T*A — > A* is 
exactly such that the isomorphism 

R : T*A* -> T*A 



is an isomorphism of Lie algebroids [231 12!] • 

Therefore, we give first the Lie brackets and images under the anchor map p T * A , of the 
sections dt a and q*uj G ft 1 (A*) = T A ,(T*A*), for lu G CT^M) and a G L(A). 

By the definition of the Lie algebroid structure T*A* — > A* associated to the linear 
Poisson structure on A*, one gets easily that the Lie algebroid structure on T*A* — > A* is 
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given by the following identities: 



[d£ a ,d£ b ] = d£ [aM 
[d£ a ,qte] = qt{£ p{a) 6) 

PT*A>{dt a ) = T a eX(A*) 
PT*A*(q;0) = (p*6^ 6 1(4*) 



for a,&G r(A)and 0,uj G Q}(M). 

As a consequence, we find that the Lie algcbroid structure on T* A — > A* is given by 

[a\b l ] = [a,b] 1 
[a l ,^]=q*(£ p(a) 0) 
[6\u ] ] = 
PT* A {a l ) = T a e X(A*) 

PT* A (e f ) = { P *ef e x(A*) 



for a,b G r(A) and 9,lo G ^(M). 



T/ie /i&ereti prodwci Tixi TM — » TAJ x M A*. The Lie algebroid TA © T* A -> TM © A* 
is defined as the pullback to the diagonals — > Am of the Lie algebroid TA x T*A — > 
TM x A*. We have the special sections 

a := (Ta, a 1 ) : TM © A* -> TA © TM 

for a e and 

(6,6»)t := (6 t ,6» t ) : TM © A* -> TA © TM 

for (6, 0) G r(A © T*M). The set of sections of TA © TM — » TA/ © A* is spanned as a 
C°°(TM © A*)-module by these two types of sections. Given a vector bundle morphism 
$ G r(Hom(TM © A* , A © T*M)), we can define the section 

$ t : TAf © A* -> TA © TM, 



by 



$ f (a; m ,C m ) = ($(a; m ,Cm)) t (x m ,Cm) 



for all (x ro ,£ m ) G TM© A*. 

We will write tt : TM © A* -> M for the projection and 9 : TA © TM -> T(TM © A*) 
for the anchor of TA © TM — > TM © A*. 
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Proposition D.l. The Lie algebroid (TA©T*A, 9, [■ , •]) is described by the following iden- 
tities 

[a, b] = [a, b] 
[a, J] = (£ a o-y 
[cr^rt] =0 
[5,*t] = (£ a $)t 

[$t j ijrt] = (vj/ o (p, p*) o $ - $ o (p, p*) o *) t 
6(5) = A 

e((rt) = ((p,p*)«7)t 

6($t) = ((p,p*) $)t 

for a, be T(A), a,r G r(A © T*M) and G r(Hom(TM © A*, A © T*M)). 

Proof. We start by computing the anchor. Note first that for all <p G C°°(M) and r = 
(c, u) G r(A © T*M), we have 7r*</? = pr^^-p^t/? = pr A . (7*93 and 4 = pr^ M 4 + pr A , 4- 
Thus, we get: 

9(a)(4) = (pta o To, pt*a o i?(d4))(p4 M 4 + pr^. 4) 
= WtkApta Q To)(4,) + prA-(PT-A o i?(d4))(4) 

= P r TA/ ^ p (a)W + P r yt* ^[a,c] = ^«t, 

@(a)( 7r *V 3 ) = (pta o Ta, p T *A ° i?(d4))(pr TM jj^) 
= P1ta/Pm(p(o)(^)) = 7T*(p(a)(<p)), 

e(a t )(4) = (pta oo f , Pt*a °9*^)(pr T M^ + P r A* 4) 

= P r TJ\/(PTA o 6 f )(4) + pr A . (pt*a o q* A *0)(£ c ) 

= P r TA/PA/(^P0)) + P*V q.t(Q,P(c)) = 7r*((p,p*)cr,T), 

9(0-^(71- » = (/fTAO^^T'AOg'^tprTMPW = 0. 

For the last equality, note that a section $ G r(Hom(TM © A*, A © T*M)) can be written 
as a sum $ = £™=i ' 4, ■ ^ with ^ G C°°(M ) and cr i; t, G r(A © T*M), for i = 1, . . . , n. 
The corresponding section G r T A/eA* (TA © T*A) is then given by 

n 

& =Y,n*<p i -£ ai .7/ 

i=l 

and we get 

n n 

9($t) = £ ,ry • 4, • 0(7-/) - ^ ttV • 4, ■ ((p, P*)t*) T = ((p, p*) o 

i=l i=l 

Next we compute the Lie algebroid brackets. For a, b G T(A) and 0, <j G il 1 (M), we 
have [(Ta, i?(d4)), (T6, i?(d4))] = (T[a, 6], i?(d4a,h])) by the considerations in the previous 
sections. In the same manner, we show the next two identities: [a, (6, 6y] = ([a, b], £ p ( a )9y 
and [(a,8y, (b, uiy] = (0,0). This yields for the last three brackets, assuming without loss 
of generality that $ = <p • 4i • r i an d * = i> • 4 2 " T 2 with tp G C°° (M) and 01 , 02, n , T2 G 
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T{A®T*M): 



a, 7T Lp ■ t ai ■ T{ 

7T*(p(a)( V )) • t ai ■ t\ + 7T> • £ £aai ■ 4 + 7T*if ■ l ai ■ (£ a T^ = {£ a $)\ 



□ 



= - *( = (ffl.w) -Tl) -ip- (ai,£ a (v)) -Tl 

= p(a)(tp) ■ (<ri,v) -Ti + ip- (£ a <Ti,v) -n + ip- (<T1,V) ■ £ a T\ 
for i> G r(TM © A*). Wc finish the proof with 

= 7r>-7r*(( / o,p*)o- 2 ,a 1 ) ■ = p*)c7 2 )t 
= o (p, p*) o $ - $ o (p, p*) o ^I/) 1 ". 

Appendix E. Proofs of the main theorems in Sections I6.ll and I6.2I 

Proof of Theorem 1 6. 3[ We start by checking that [• , •] is well-defined. Choose k = (a, 9) <E 
T(K), a = (6, w) 6 T(A © T*M) and u = (X, £) e T(C/). We have then 

[« © a, (p, p*)(-fc) © fc] = (-[«, (p, p*)fc] A - v£ as (p, p*)fc - V*"u) 

© ([a, fc]/j + A u k + A (PiP . )fe a - (0, d(tr, (p, p*)fc))) . 

Using Lemma I5.15[ we see immediately that the second term of this sum equals 

v£ as /c + A u k. 

Since (K, U, A) is an £A-triple, we know that V£ as fc e T(K), and A u k e r(iT) follows from 
the fact that (iC, U, A) is Dirac. 
By Proposition ^. 2[ we have 

W h a as (p,p*)k = (p,p*)V h a as k 

and by Lemma 1 5. 171 

(p,p*)A u fc= lu,(p lP *)kl A + V h ru. 

Thus, we have shown that 

lu®a, (p,p*)(-k) © fc] = (-(p,p*)(V^ as fc + A u fc)) © (V* as fc + A„fe), 
which is in C. The equality 

l(p,p*)(-k)®k,u®a} = 

follows with (4) below and 

((u © a, (p, p*)(-fc) © k)) c = (u, k) = 

since U = K°. 



In the following, we will write u = (X, £), u, = (_X"j,£j) and cr = (a, 8), 0{ = (a,i,9i), 
i = 1,2, 3. We check (1) — (3) in the definition of a Courant algebroid, in reverse order 
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(3) We have 

lm © <Ji,U 2 © CTaJc + l u 2 © CT 2 ,Wi © CTxJc 

= ([[mi,w 2 ]a + [u2»«i]a) © ([o'i,o'2]r» + [ct2,<?i].d + (0,d(<7i,u 2 ) + d(<r 2 ,ui)) 

=0© (0,d((cTl,<T2)l3 + (<Ti,M 2 ) + (0- 2) 
=V((u\ © (71, U 2 © (T 2 ))c- 

(2) We then check the equality 

c(ui © <Ti)((m 2 © (7 2 ,« 3 © cr 3 ))c 
= (([«1 ffiCTi,U 2 fficr 2 ]c,U3 ©CT3))c + (("2 ©C 2 , [iti © G\ , M 3 © 03]c))c- 

We have 

(([itl @CT\,U2 fficr 2 ],U 3 ©CT 3 ))c 

= {{(K.Ma + V^ s u 2 - V^ s ui) © ([(7i,<t 2 ]d + A Ul a 2 - A„ 2 <7i + (0, d(ai, u 2 ))), w 3 © tra))c 
^(((K.^Ia + V*> 2 - v£"«i) © (V^-<r a - \ P , p .)^i + (0,d(<ri, (p, p>a» 

+ A„ 1 CT 2 -A U2 O-l + (0,d(CTi,'U2>)),U3©Cr3}) C 

= <[«i,«a]A + V^ s u 2 - V£"ui, tr 3 ) + X 3 <a-i,«a> + X 3 (a u (p, P>a> 
+ (V^ s cr 2 - A (p ^ )(T2 cri + A Ul cr 2 - A U2 o-i,u 3 ) + p(a 3 )(ai,u 2 ) 
+ p(a 3 )(a 1 , (p, p*)a 2 ) + (V^V 2 - A (p>p . )(72 ai + A Ul a 2 - A U2 oi, (p, p*> 3 ). 

Hence, we can compute 

(dill ®(Tx,U 2 fficr 2 ],U 3 ©cr 3 »C + ((["1 ©CTl,W 3 ©cr 3 ],"2 ©cr 2 ))c 

=Xi(u 2j( 7 3 ) - (« a , A Ml a 3 ) + (V^ s m 2 - V£>i,a 3 > + ^sfci.ua} + X 3 (a u (p, P*)<t 2 ) 
+ (^aT* 72 ~ A (p,p*)^2 cr i + A Ul cr 2 - A„ 2 o-i,u 3 ) + p(a 3 )(ax,u 2 ) 
+ p(a 3 )(a 1 ,(p,p*)a 2 ) + (V^Va - A (p>p . )(72 ai - A„ 2 ai, (p, p*)a 3 ) 
+ X 1 (a 2 ,(p,p*)a 3 ) - (<7 2 , [ui, (p,p*)<t 3 ]a) 

+ Xx(u 3 ,a 2 ) - (u 3 ,A Ul a 2 ) + (V£"u 3 - V^"«i, <r 2 ) + X 2 (a u u 3 ) + X 2 {a 1 , (p, p*)a 3 ) 
+ (V^ s (73 - A (p ^ p . )(T3 (7i +A Ul a 3 - A U3 (7i,u 2 ) +p(a 2 )(a-i,M 3 ) 

+ p(a 2 )((7l, (p,p*)<J 3 ) + (V^f <7 3 - Afp.p.Jo-gCTl + A Ul CT 3 - A U3 CTi, (p, p*)(7 2 ). 
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Using the duality of the Dorfman connections and the corresponding dull bracket, 
and the identities in Proposition [521 we get 

(dm ®a u u 2 ® 02], u 3 © <J 3 ))c + ((hi ®a u u 3 ® 03], u 2 © <J 2 )) C 

= Xi((u 2 ffi(T2, "3 ©0- 3 ))c + (0"1, Iu2,U 3 }a) + (<Tl, Iu 3 ,U 2 }a) 
+ (o-l! I(P, P*)o"2, Ma) + (0"1, [U3, (p,P*)ct 2 1a) 

+ (d, [(P: P*)ct 3 ,M2]a) + (cri, [ti 2 , (p,P*)o- 3 ]a) 

+ (0"1, [(p,/3*)o-3, (P, P*)CT2]A} 

+ p{ai)(u 2 ,<T 3 ) - (Skew A (i*2, (p,p*)er 3 ), ai) 
+ p(ai)(u 3 ,a 2 ) - (Skew A (u 3 , (p,p*)a 2 ),ai) 
+ p(a 1 )(o- 2 , {p,p*)cr 3 } - (Skcw A ((p,p*)o- 3 , (p,p*)a 2 ), ai) 

- (V^ S Ui,cr 3 ) - (A (pip . )CT2 (Ti, (p,p*)cr 3 ) - (cr 2 , [Ul, (p,P*)c7 3 J A ) 

- (V h ^ Ul ,a 2 ) + p(a 2 )(<7 1 ,(p,p*)c7 3 ) + (A U1 (T3, {p,p*)a 2 ) 

= c(m © ci)((u 2 © cr 2 ,u 3 © cr 3 )}c - (cti, [(p,p*)£7 2 , (p,p*)(7 3 ] A ) 

- (V^ s mi,ct 3 ) - (A(p )P . )(r2 cri,(p,p*)cr3) + p(a 2 )(a 1 ,(p,p*)a 3 ) 
+ ((72, (p,p*)A Ml (7 3 ~ hi, (p,P> 3 ]a - Vjfui) 

= C(«l © (7l)((u 2 © (7 2 , U 3 © (7 3 }} C . 

For the second equality, we have used the definition of SkewA and the fact that [• , ■] a 
is skew-symmetric on sections of U. For the last equality, we have used Lemma 15.161 
and the duality equation for A and J- , -] A . 
(1) For the Jacobi identity, we will check that 

JaCj. ,.] A (ltl © (71, 1t 2 © (7 2 , U 3 ©C7 3 ) 

:= © (7l, lt 2 © a 2 j,U 3 © <7 3 ] + \U 2 © (7 2 , [itl © £71, U 3 © £7 3 ]] 

- [Ul©£7l,[u 2 ffi£7 2 ,tt3ffi£7 3 ]] = -(p, p*){k) © fc, 

with 

fc := [i? A as (ai,a 2 )u 3 - i? A (wi, 1*2)03] + c.p. 

To see that A: is a section of K, recall from Theorem 15.101 that since (K, U, A) is 
Dirac and Ui = (Xi,£i) £ r(/7), i = 1,2,3, we have Ra(ui, u 2 )a 3 + c.p. £ F(K). 
By the same theorem, we find i? A as (ai, a 2 )u 3 + c.p. G T(K) because (K, U, A) is an 
£.4-triple. We have, writing Oi = (cij, 9{) for i = 1, 2, 3: 

[[itl ffi£7i,lt 2 ffi £7 2 ],li 3 © £7 3 ] 

= [([ui,v 2 Ja + V^ as u 2 - V^ as ui) © ([£7i,(7 2 ]d + A U1 (7 2 - A U2 £7i + (0,d(tri,« 3 ») ,«3 e tr 3 ] 

= ([|[ui ) U2lA ) U3]A+ [V^«2-VSr«l,« 3 ] A + V^ , iOa]D+ABiOil _ AwaO1+(0id(oli ^ )) U3 

- V^ S ([«!, U2 ]A + V^> 2 ~ V*>l)) 

© f[[ci,Cr 2 ]D,£73]D + [A Ul £7 2 - A U2 £7i,£7 3 ]jj + [(0, d(£7i, U 2 )), (X 3 ] D 

+ A [«i,«2]a + V^« 2 -V^«i°'3 - A„ 3 ([(7i,(72]_D + A U1 £7 2 - A U2 (7i + (0,d((7i,U 2 ))) 

+ (0,d([£7i,(7 2 ]n + A Ul cr 2 - A U2 (7i + (0, d((7i,u 2 }),w 3 })) • 

But since [(0, d(£7i, it 2 )), <73]jj = and 
pr A ([£7i,(7 2 ]d + A Ul (7 2 - A U2 (7i + (0, d((7i,u 2 )) = [ai,a 2 ] + pr A (fJ Ul a 2 - 0„ 2 ai) , 
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this leads to 



Hm @ax,U2 ®a 2 \,u 3 ®a 3 J 

(IK, u 2 } A , u 3 } A + [v> 2 v b - Ul , U3 j A + v^ a2]+Pu(niiiQ2 _ n)i20i) «3 

-V^([u 1iII2 ]a+V> 2 -V») 
© ([[a"i,CT2]£>,o-3]£) + [A Mi ct 2 - A U2 ai,a 3 ] D 

+ / ^Iu 1 m 2 I a +V^u 2 -V^u 1 < j 3 ~ A„ 3 ([cTx,a-2]£) + A Ul <T 2 - A„ 2 (Ti + (0, d(cri,M 2 ))) 

+ (0,d([CTi,CT 2 ]_D + A Mi ct 2 - A U2 ai + (0,d(cri,u 2 )),it 3 ))). 



In the same manner, we get: 



\U 2 © cr 2 , \U\ © <Ti,U3 © cr 3 J| 



_ ^bas 

[01 ,a3]+pr A (n„ 1 03— f2« 3 aij 



C2, [o'i,o'3]£)]d + [cr 2 , A Ul CT 3 - A U3 a{\ D + [cr 2 , (0, d{a u U 3 ))] D 
+ A U2 ([a 1 ,a 3 ] D + A Ul a 3 - A U3 ai + (0, d(ai, u 3 ))) - A| Ulj „ 3 j A+V bas„ 3 _ V ba Bul a 2 

+ (0, d(<7 2 , [«1,« 3 ]a + V^Ua - V^Ul))) • 



We start by studying more carefully the [/-part of Jac[. ..j A (ui ©cri, u 2 ©cr 2 , u 3 ©03). 
By the computations above, this equals 



[[W1,«2]A,W3]A + [«2, [«1,W3]a]a - [«2, U 3 j a]a 

— R V b^(ai,a 2 )u 3 + R V h^(ai,a 3 )u 2 — i? V b aB (a 2 , 03)^1 

+ [v> 2 - v5r«i >Us ] A + v^ Kia2 _ nu2ai) u 3 - vStkuJa 

+ k v> 3 - v5r«j A + v^[ U1)U3 ia - v^ (Quia3 _ nu3air2 



Since (U, pr TM , [• , -]a) is a Lie algebroid, the first three terms cancel. By Theorem 
I6TT1 Proposition [SH the fact that V^ as u £ T(U) for all it £ T(U) and a G 
and the equality pr j4 r2„ 1 a 2 = pr^A^o^, etc, we get hence that the [/-part of 
Jacj. ,.] A (wi © (Ti,u 2 © cr 2 ,u 3 © cr 3 ) is 



- (p, p')(fl2r"(oi, oa)u3 + #A>3, oi)ua + i? A as (a 2 , o 3 )ui) 
-I- (p, p*)(Ra(ui, u 2 )a 3 + Ra{u 2i u 3 )<ti + Ra(u 3 ,ui)(t 2 ). 
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We now look more carefully at the A©T*M-part of Jacj. .j A (iti fficri, u 2 ®cr 2 , W3 © 
(T3). By the formulas above, it equals 

[[Cl, CT 2 ]d, CT 3 ]£) + [A Ul CT 2 - A„ 2 CTi, Cr 3 ]_D 

+ ^["i,M2]A+V^u 2 -V^=« 1 cr 3 - A tl3 ([CTi,CT 2 ]D + A Ul CT 2 - A„ 2 (7i + (0, d(<7i,U 2 ))) 

+ (0,d([cri,<T 2 ]_D + A Ml cr 2 - A U2 CTi + (0, d(<7i, U 2 }), U 3 }) 
+ [<7 2 , [cTi,CT3]_d]d + [<T 2 , A Ul <7 3 - A U3 <7l]u + [<7 2 , (0, d(<7l, U 3 ))] D 

+ A„ 2 ([cri,0- 3 ]£) + A Ul cr3 - A„ 3 cri + (0, d(CTi,u 3 })) - A[ Uli „ 3 ] A+ vw„ 3 _ V bas Ul cr2 

+ (0,d(a 2 , [« 1jU3 ]a + V*> 3 - V^ Ul )) 
- [<ti, [0-2,0-3] 15 ]d - A tt2 cr 3 - A„ 3 o- 2 ] £1 - [01, (0,d(o- 2 ,u 3 ))]£, 

- A Ul ([<T2, (T3] £) + A U2 (T 3 - A M3 0- 2 + (0, d(cr 2 ,"U 3 ))) + A[ M2 „ 3 ] A + V ba Stl3 _ V bas U2 CTi 

- (0,d(a u lu 2 ,u 3 } A + V h ™u 3 - V£> 2 ». 
Sorting out the terms yields 

[[<7l, CT 2 ]_D, 0- 3 ]d + [02, [<7l, CT 3 ]_d]_d — [tTi, [o-2,0- 3 ]d]£) 

- A Ml [fT2,cr 3 ]u + [A Ui ct 2 ,o- 3 ]£) + [ct 2 , A Ui (t 3 ]d + A V b»s Ul cr2 - A V b»s Ul o- 3 - (0, d(a 2 , V^ 3 s ui)) 
+ A U2 [ai, a 3 ] D - [A U2 <r 1 ,er 3 ].D - [<ti, A U2 a 3 ] D - A V b ; » s „ 2 (7i + A V ba S „ 2 cr 3 + (0, d(cri, V^ 3 s u 2 )) 

- A U3 [<7i,<72]£) - [t72, A U3 Ux]d + A tl3 fT 2 ]_D + A V b»s U3 CTi - A V bas„ 3 cr 2 - (0, d{a\ , Vq 2 s m 3 )) 

- Ra(u1,U 2 )(T 3 - i?A(-" 2 ,W 3 )(Ti - i?A(u3,"l)CT2 

- A„ 3 (0, d(<ri,u 2 )) + (0,d([cri,CT 2 ]_D + A Ul er 2 - A„ 2 <7i + (0, d(<7i, u 2 )), "3)) 
+ [ct 2 , (0, d(a u u 3 ))] D + A U2 (0, d(a x , u 3 )) + (0, d(a 2 , [m, u 3 } A + V^ s u 3 » 

- [ax, (0, d(cr 2 ,it 3 ))]_D - A Ul (0, d(<7 2 , u 3 }) - (0,d(cri, [« 2 ,u 3 Ja))- 

By using the Jacobi identity for [■ ,-}d and three times (2) of Theorem 16.11 together 
with 

-[cr 2 , A Us ai] D = [A U3 <t 1i <t 2 ]d - (0,d((p, p*)A U3 a 1 ,<T 2 )), 

we get 

R^ia^a^ut - R A ™(ai,a 3 )u 2 + R A ™( ai ,a 2 )u 3 

- Ra(ux,u 2 )(t 3 - Ra ("2, "3)0-1 - -Ra ("3,^1)0-2 

- A tl3 (0,d(fTi,w 2 )) + (0,d([ai,a 2 ] D + A Ul a 2 - A U2 cti + (0, d(<7i, u 2 )), u 3 )) 
+ [a 2 ,(0,d{ax,u 3 ))] D + A„ 2 (0^(01,^3)) + {0,d(a 2 , [ui, u 3 j A + V*> 3 }) 

- [cti , (0, d(cr 2 , u 3 ))]£> — A Ul (0, d((T 2 ,u 3 )) - (Ojd^i.Iua.ualA)) - (0, d((p, ^*)A U3 <ti, <r 2 » 
= i? A as (a 2 ,a 3 )wi + R A as (a 3 ,ai)u 2 + i? A as (ai, a 2 )u 3 

- i?A(Mi,u 2 )(T3 - R A {u 2 ,u 3 )a\ - R A (u 3 ,ui)a 2 + (0, dy>), 
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with 

<y5 = - X 3 (a 1 ,u 2 ) + ([a-i,a 2 ]D + A Ul a 2 - A U2 ai + (0, d(<Ti, u 2 )), u 3 ) + p(a 2 )(ai,u 3 ) + X 2 (at,u 3 ) 
+ (a 2 , [«i,^3]a + V^ s u 3 ) - p{a 1 )(a 2 ,u 3 ) - Xi (a 2 ,u 3 ) - (<Ji, [112,113] A> - ((p, P*)A U3 ai,a 2 ) 
= (Wi,^2]d,u 3 ) + p(a 2 )(a 1 ,u 3 ) + (<t 2 ,\7^ b u 3 ) - p(a 1 )(a 2 , u 3 ) - ((p, p*)A U3 a x , a 2 ) 

^(-V^ffi + A (P:P * )ai <r 2 ,u 3 ) + p{a 2 ){a llU3 ) + (<7 2 ,\7 h a ™u 3 - (p, p*)A U3 <ri) - p{a x ){a 2 , u 3 ) 
= - (V h ™<Ti >U3 ) + p(a 2 )(a 1>U3 ) + (a 2) V h ™u 3 - {p,p*)A U3 a x - [(p, p*)a u u 3 j A ) 

W _ (v£Vi,u a ) + p(a 2 ){a!,u 3 ) - (V%?u 3 ,<ri) - (Skew A («3, (p, p*)*i), a 2 ) 

For the second equality, we have used ((0, d(cri, u 2 }), u 3 ) = X 3 {a±, u 2 ) and two times 
the duality equation for A and [• , -]a- 

□ 



We have used Theorem 16.11 for the Jacobi identity. For completeness, we prove this 
theorem here. 

Proof of Theorem \6.1\ (1) For simplicity, we will write here a for (a, 0), A u a := A u (a, 0) 
and dp := (0, dp) for a G T(A), <p € C°°(M) and u 6 T(U). First, we find that for 
a, be T{A) and u = (X, £), v = (Y, rj) e T(U), the equation 

= (R h A as {a,b)u,v) 

can be written 

= - (A u [a, b] - d(£, [a, b]),v) + p(a)(A u b - d(f , b),v) - (A u b - d<£, b), £ a v) 

- p(b)(A u a - d(f , a), v) + (A u a - d(£, a), £ b v) 
+ (A(p, p *)n u b+£ b ua - d((p, p*)Q u 6 + £ 6 u, a), v) 

- (A(p,p»)n„ a +i; < »«& ~ d((p, p*)n u a + £ a u, b),v) 

= - (A u [a, b},v) + Y(t [a, b}) + p(a)(A u b, v) - p(a)Y{t, b) - (A u b, £ a v) + [p(a), Y]{£, b) 

- p(b)(A u a, v) + p(b)Y(t a) + (A u a, £ b v) - [p(b), Y] (£, a) 

+ (A(p, p .)n M 6a,'i;) + [p(b),X)(a,r)} - (a, l£ b u,vj A ) - Y((p,p*)n u b+ £ b u,a) 

- (A iPtP , )nua b, v) - [p(a),X}{b, 77} + (b, {£ a u, vj A ) + Y{(p, p*)fl a a + £ a u, b). 

We use 

Y(t [a, b}) + p(b)Y(£, a) - [p(b), Y] (£, a) - Y{£ b u, a) 
= F(-<£, [ft,o]) + p(6)<f,o) - (£b€,a)) = 0, 



- p(a)y(e, 6} + |>(a), Y](f, &> + Y(£ a u, b) 
= - Yp(a)(t, b) + Y(£ a £, b) = -Y(f , [a, b}) 
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and, by ([5ri5f and (pTTTjl . 

(A( p ,p.)n u 60, u) - y((/o, p*)fi u 6, a) 

= (v bas fi„& + [n u b, a ] D , v) - y ((p, P *)n u b, a) 

= p{a){Vl u b,v) - (Q u b, V bas V > - (Skew A (v,(p,p*)n u b),a) - ([a,Q u b] D ,v) 
= p(a)(fl u b,v) - (n u b,V h a as v) - (Skev? A (v,(p,p*)Cl u b),a) - (£ a Cl u b,v) 
= - (Cl u b, (p, p*)Cl v a) - (SkewA(«, (p,p*)Q u b),a) 

to get 

= - y<£, [a, 6]) - X(ri, [a, 6]) + <[a, b], (u, vj A ) - (a, {£ b u, vj A ) + (b, \£ a u, v\ A ) 
+ p(a)(A u b, v) - X(b, £ a v) + (6, [u, £ a vj A ) 

- p(b)(A u a, v) + X(a, £ b v) - (a, \u, £bvj A ) 
+ [p(b),X](a,r))-[p(a),X}(b,r,) 

- (flub, (p,p*)fl v a) - (Skcw A (u, (p, p*)fl u b),a) 
+ (fi„a, (p,p*)fl v b) + (Skcw A (u, (p, p*)Q. u a),b). 

But since 

p(a)(A u b,v) - [p(a),X](b,ri) -X(b,£ a v) = -p(a)(b, {u,vJ A ) +X([a,b], V ) 

= -{[a,b], M A ) - (b, £ a lu,v} A ) +X{[a,b], V ), 

we find the equation 

= - Y(£, [a, b}) + X( V , [a, b}) - ([a, b], [«, vj A ) - (a, [Au, «] A ) + (6, \£ a u, vj A ) 
+ (b, fu, £ a vjA) - (a, [u, A«]a) - (&, ^ah «]a) + (a, AK u ]a) 
- (fi u b, (p, p*)fi„a) - (Skew A (w, (p, p*)f2„6), a) 
(5.20) + (fi M a, (p, p*)0„fe) + (Skew A (u, (p, p*)fi a), 6). 

Now, writing cr = (a, 9), we compute: 

v ba >, «i A - [v ba v v\ A - [«, v*"«j A + v ba > - v ba > 

= (p,p*)fij Uj „j A a + £4m,v]a - [(p,p*)n«a + £ a u,v\ A - [it, (p,p*)fl v a + £ a vJ A 

1 ^(p ! P*)( A [u^] A a - d(a, lu,vJ A )) + £ a lu,vJ A - l£ a u,vj A - [it, £ a w] A 

- (p, p*)A u n v a + (V bas u, Q„a) + (p, p*)A„n M a - (V bas w, n u o) 

- Skcw A ((p, p*)Q u a, v) 

= - {p 1 p*)R A {u 1 v)a - p*d(a, [ii,n] A ) + £ a lu,vj A - l£ a u,vj A - [it, £ Q w] A 
+ p*d(X(?j, a)) + (V bas M, fi„a) - p*d(F<£, a)) - (V bas «, fi u a) 

- Skew A ((p, p*)Vl u a,v). 

We write the right-hand side of this equation 

-(p, p*)R A {u, v)a + w 
with to G r(TM © A*). Since 
pr TJS# tjJa - IA^^Ia - lu,£ a vj A ) = [p(a),[X,Y]] - [[p(a),X},Y] - [X, [ P (a),Y]} 
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vanishes, we observe that p^ TM w = 0. Hence, we just have to show that {w, b) = 
for any section b G T(A). We have 

(w, b) = {£ a \u, v\ A - {£ a u, v\ A - [it, £ a vjA, b) 

- p(b)(a, [u, «Ja> + p(b)X( V , a) - p(b)Y(£, a) + (V£ as u, ft v a) - (V^v, a u a) 

- (SkewA((p,p*)fiua, v),b) 

= (£ a lu, u]a - [•£<,«, u]a - I", £ a vjA,b) 

+ ([a, b], {u, vj A ) - (a, £4u, vj A ) + p(b)X{r), a) - p(b)Y{C, a) 
+ ((p, p*)Vt u b + £ b u, tt v a) - ((p, p*)tt v b + £ b v, !l u a) 

- (Skew A ((p,p*)Q u a,v),b). 

Since the definition of f2 and the duality of A and [■ , -]a yield 

(£bU, Cl v a) + p(b)X(?], a) = (£bu, A v a) + Xp(b)(rj, a) 

= Y(£ b u, a) - ({v, £bujA, a) + Xp(b)(r), a), 

we get 

(w, b) = (£ a lu, vj A - \£ a u, "]a - I", £ a v\A, b) 

+ ([a, b], [it, v}a) - (a, £b{u, i>Ja) + ((/>, p*)tt u b, tt v a) ~ ({p, p*)& v b, fi„a) 

- (Skew A ((/0, p*)0«a, v), b) 

+ Y(£ b £, a) - {{v, £ b ul A ,a) + Xp(b)(r), a) 

- X(£ b r/,a) + ([«, £ b vj A ,a) - Yp(b)(£,a) 
= (£ a lu, vj A - {£ a u, v\ A - {u, £ a v\ A , b) 

+ ([a, b], [it, u]a) - (a, "Ja - [«, A^Ia + [«, Am]a) 
+ {(p, p*)Q u b, Q v a) - ((p, p*)tt v b, Q u a) 

- (Skew A ((p, p*)Q u a, «), 6) - X^[a, b}} + Y(£, [a, 6]). 

We have 

-(a, [v, Aw]a) = (a, [Aw, uJa) - (Skcw A (£ b u,v),a) 
and since V^u £ T(U) by hypothesis, we find 

— Skew A (£bU, v) = — Skew A (£bU — V^u, v) = Skew A ((p, p*)fl u b, v). 



This shows that (w, b) is equal to the right-hand side of (|5.20p and is hence vanishing. 
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(2) We compute, writing u = {X,£) and ai = (a,i,6i) for i = 1,2: 
A u [o-i,<7 2 ]d - [A w cti,ct 2 ]d - [ci, A„£7 2 ]£> + A V ba S „cr 2 - A V ba B „ai + (0, d(a 1} V^ s u}) 
= fi„[ai,a 2 ] + (0, £x(£ P ( ai )&2 - ip( O2 )d0i) + d(f, [ai,a 2 ])) 

- [fi„ai + (0, + d(f , ai)), <t 2 ].d - [ai, fi„a 2 + (0, £ x 2 + d(£, a 2 »]r> 
+ fi V b r „a 2 + (0, £ Wtm{v1tu) 6 2 + d(V^ s w, (a 2 , 0))) 

- ftv^ax - (0, £ P r TM (v^«)^l + d(V*!>, ( Ol ,0)» + (0,d( ffl ,V^») 
= -R h ^ s ( ai ,a 2 )u 

+ (0, £ x {£p(a x )02 - i p (a 2 )d6>i) + d(£, [ai, a 2 ])) 

+ (0, ip(a 2 )d^X^l »^popr 4 O u ai 

- (0, £p( ai )£x02 + £ p ( ai )d{£, 2 ) + ipopr A n„a 2 d0i) 

+ (0, £ prTM(v w u) ^ 2 + d<V£»u, (o 2 , 0))) 

- (0, ^ P r rM (V^u)«i + d(V^ s u, (oi, 0))) + (0, d(ai, V*»). 
But we have 

£ X £ p( ai )62 — -£popr A fi u ai$2 — £p( ai )£x9 2 + £pr TM 
= ^[A-,p(a 1 )]-popr A O u a 1 +pr TM (V^ s ti)^2 = 

since pirA'/(^ai Sw ) = [p(oi)j + pr^ fi u ai, and in the same manner 

— £xip(a 2 )d0l + ip(a 2 )d£x^l + ipopr A n„a 2 d#i — £ pI . TA/ ( V ba Su )0i 

+ d(V^>,(a 1 ,0)}-d(<7 1) V^» 
= i[p(a 2 ),x]+po P r A o u a 2 d6»i - £ prrju ( v b««) #i - d((0, 6»i), V^ s u) = 0. 
Since 

-<(p, p*)nuOi, (02, 0)) + (V*>, (o 2 , 0)) = (£ ai u, (o 2 , 0)) = <£ ai £, o 2 > 
and 

•£p(ai)d(£,o 2 ) = d(p(a 1 )(£,a 2 )) = d({£ ai £,a 2 ) + (£, [ai,a 2 ])), 
the remaining sum 

d<£, [ax, oa]> - d((p, p*)Q uai , (a 2 , 0)) - £ p(Ql) d<£, a 2 ) + d(V*>, (o 2 , 0)} 
vanishes as well. 



□ 
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